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Assuming activation by collision Rice and Ramsperger? developed the 
following general formula for the way in which reaction rate, K (at the 
beginning of the reaction, i.e., with a pure gas), falls off with pressure, 
p, in the case of gas reactions which are unimolecular at high pressures, 
but whose rates deviate from the unimolecular law at low pressures: 


i ao! 
“: 2 1 + bkT/(ap) si 





In this formula W de is the fraction of the molecules in the energy range 
e to e + de, while }, is the fraction of these which will react in unit time, 
¢, is the minimum energy necessary for reaction, k is the gas constant, T 
is the absolute temperature and a is a constant from the kinetic theory of 
gases involved in calculating the number of collisions. 


a = 4s%/xkT/m’ (2) 


where s is the molecular diameter and m’ the mass of a molecule. 

In the discussion of (1) they assumed that the energy expression for 
the molecule consisted of a sum of squares of coérdinates and momenta, 
and treated the problem by the methods-of classical statistical mechanics. 
In this paper the former assumption is retained, but we will attempt to 
indicate the nature of the modifications which must be made when the 
motions of the molecule are quantized. 

In theory II of Rice and Ramsperger, which seems the more important of 
their two theories* and which alone will be considered here, it was assumed 
that b, was proportional to the fraction of molecules of energy ¢ in which 
a certain squared term in the energy expression for the molecule exceeded 
the value ¢,. This fraction was calculated by the use of classical statistical 
mechanics, and the expression for b, thus obtained may be written con- 
veniently for our present purposes in the form 
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bh = KC 


n is the number of squared terms in the energy expression (counting both 
coérdinates and momenta). The essential parts of the formula are the 
parts containing «. C, a constant as far as ¢ is concerned, was evaluated 
(for a given temperature) in the course of their calculations, by means of the 
limiting form which (1) takes at high pressures: 


K. = 9 W.bde. (4) 


For W, they used the classical expression: 


1 Ge a 
= ————__[ —_-] 2? T 
wa aye es veda (5) 


We now inquire into the changes in b, and W, made necessary by quantum 
considerations. 

b, we shall leave unchanged, except for the value of C. We do this 
in spite of the fact that the fraction of the molecules in which a certain 
specified energy term has a greater value than ¢ under equilibrium con- 
ditions is considerably altered in the quantum theory. Since we assume 
that decomposition takes place the instant the particular squared term gets 
the requisite energy, it is not necessary for the fraction which decomposes 
to be proportional to the fraction which, under equilibrium conditions, has 
its energy in the proper place. The rate at which the term gets energy 
would be balanced at equilibrium by the rate at which energy is lost by it, 
and some assumption must be made to calculate either rate. Whether 
our assumption is the best or not can hardly be told from a priori grounds, 
but we may anticipate a little and say that it seems to be experimentally 
allowable in the case of azomethane. We may soon have some knowledge 
of the effect of other assumptions from work now being done by Dr. L. S. 
Kassel. 

A word must be said as to the evaluation of . Unless some of the 
degrees of freedom are completely frozen in, should be determined by the 
number of atoms in the molecule, as follows: Multiply that number by 
six (since each atom has three coérdinates and three momenta) and sub- 
tract nine (six, because the codrdinates determining the position and 
orientation of the molecule as a whole do not affect the total energy, and 
three more because the translational energy of the molecule as a whole 
cannot affect its chance of reaction’). Rice and Ramsperger evaluated 
n empirically so as to best fit the rate of reaction data, supposing that, if 
m came out smaller than would be expected from the above calculation, 
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it was due to some of the degrees of freedom being wholly or partially 
unexcited. But, as intimated in the preceding paragraph, we shall assume 
provisionally, at any rate, that in calculating b,, 1 is to be given the value 
found in the above manner. 

We next inquire into the changes that need to be made in W,. W, 
will retain its exponential character, and the part which will have to be 
changed is the factor containing ¢« outside the exponential. Now W, 
occurs in the formula (1) only multiplied by b,, and is important only inso- 
far as it modifies the shape and position of the curve W,b, against e. Now 

n—-lew—e 
the shape of this curve is chiefly determined by the factor (e—@) 2 e #7 
and is such that in the case of azomethane, for example, W.b, has appre- 
ciable values over a range of values of e which is about one-fourth of the 
average value of ¢ in that range, most of the area under the curve lying 
within a narrower range. ‘These considerations make it seem reasonable 
to here set, for purposes of approximation, 


Fas Bie yr “iT 

hae als e (6) 
where B is independent of ¢ and m is taken as constant within the range in 
which W,}, has appreciable values. We expect that m will be less than n, 
but m will be determined later. It will be noted that we have assumed the 
distribution law to be continuous, which is justified because of the many 
frequencies in the complex molecules that decompose unimolecularly. 

We now look to the methods of determining the constants €, m, B and 
C, which appear in our equations. The equation which Rice and Rams- 
perger used for the determination of ¢ is not applicable in this case. We 
must make use of the more general formula of Tolman’s:* 


dlogK. _ ii (7) 
aT kT? 





In this equation € is the average energy of the molecules which react 
( JS « W, b, de 
equal to ~“—_*+ *— 
JS. W. b, de 

This is derived on the assumption that “the rate at which molecules can 
be activated is so high compared with the rate at which the molecules de- 
compose. . . that the equilibrium concentration of molecules in the activated 
states is always maintained.’”’ Since it is consistent with Tolman’s use 
of the term ‘‘activated state’ to define an activated state as a state in which 
the molecule has energy in a certain range, this condition is certainly main- 
tained at high pressures, for which case we have written the equation. 
In using this equation we must estimate e from the thermal properties of 
the molecule, and € can be taken with sufficient accuracy as the value of : 


) and ¢ is the average energy of all the molecules. 
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e for which W,b, is a maximum. This cannot be found until « and m 
are known but m is determined independently later, and the amount by 
which it exceeds € is easily found approximately before ¢ is determined, 
and if necessary a second approximation may be made later. ‘The tempera- 
ture coefficient of log K., is known fairly well from experiment, therefore, 
€—e can be determined, and knowing how much é exceeds « and the 
value of ¢ it is possible to find ¢. 

In order to determine m we need to make use of the following theorem. 
If W is the fraction of the molecules which lie in certain specified quantum 
states, for example, those states which lie in a certain energy range, then 

dlogW = ew € 


dT kT? 


where ew is the average energy of the molecules in the states W and ¢ is 
the average energy of all the molecules. The proof of this is much like 
Tolman’s proof of equation (7). 

From it follows immediately 


d log (W../W,.) ae e’ —€ 
dT kT? 


where W, refers to the energy e’ and W, toe. Equation (9) shows us 
that the change of the distribution law with temperature is the same in 
any theory.’ Consider now a classical case in which (6) (which has the 
form of the classical distribution) holds for one temperature. We know 
from the classical law that it will hold at any temperature. But if this is 
true for classical theory it is true for any theory over the range of energies 
for which (6) holds (with a certain value of m). And it is seen that if (6) 
represents the situation with a certain degree of accuracy at one tempera- 
ture, it will represent it with the same degree of accuracy at another. 
(B, however, may change with temperature, since it does not affect the dis- 
tribution in the range over which (6) holds.) 

Now let « be a value of ¢ in the range in which (6) holds with some 
given value of m, and let 7; be the temperature at which W, has a maxi- 
mum when e = «. Then maximizing (6) we get the approximate relation 


(8) 








(9) 





which enables us to find the appropriate value of m for the range of energies 
near €,, provided we can find 7;. In order to find the value of m for use 
in (6) for the evaluation of (1) or (4) we find the value of € and set this 
equal to ¢, in (10), since € is practically in the middle of the range of values 
of ¢ which contribute appreciably ‘to the integral in (1) or (4). 

It now remains only to determine the proper value of B to use in equation 
(6), with the above value of m, over the range of energies in which we 
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are interested, and at the temperature of reaction. Then from B we 
find C, which determines the pressure at which the rate has fallen to a 
certain fraction of its high pressure value. JB cancels out in the expression 
for K/K,. and so is of no interest except in the determination of C. (If 
we have data at more than one temperature, it is not necessary to make 
more than one calculation, since >, cannot vary with temperature, any 
variation in C simply cancelling the variation of the other quantities 
involved.) 


Consider now jf We, where é€max, is the value of ¢ for which W.b, 
has a maximum at the temperature of reaction. At the temperature of 
reaction W, is falling off rapidly with ¢ in the region of émax, and most 
of the contribution to the-integral takes place in the region where (6) holds 
with the value of m found from (10), and the value of B that we wish to 
determine. We may then assume m constant in the integration, and 
if émax. islarge with respect to mkT/2 as is usual (and is, in fact, the con- 
dition that W, should fall off rapidly with ¢), we get 


7 m—2 ¢max, 
f Wde = B (=) 2 ear. (11) 


€ 
max. 


Had we integrated (5) instead of (6) we should have obtained 


” n—2 €max. 
if Wie = —— (Soe 6 r. (12) 


max. 








We can now use (8) to correct (12), and a comparison of the result with 
(11) will enable us to determine B. For we can let W in (8) be the fraction 
of molecules which have an energy greater than €,,x Then (8) holds for 
either a quantized or classical molecule, and subtracting the equation for 
the quantized molecule from the equation for the classical molecule we get, 
using the subscript c to distinguish the classical quantities, 
d log (W,/W) a ewe aye ew as € re € 

dT gee 3 
Integrating now from J = @ to the temperature of the reaction, and 
remembering that at high temperatures W = W, = 1, we get 


log (W/W,) = mw ar - [tar =1. 13 
og w/w) = fo = _ (13) 


Applying this correction to (12) and equating to (11) we get 


As sasty zo. (14) 
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We have thus shown how to evaluate all our quantities in terms of the 
thermal properties of the decomposing molecules. The application of 
these considerations to a specific case, and comparison with the classical 
theory, will be undertaken in another paper. 

In conclusion the writer wishes to acknowledge his indebtedness to 
various members of Gates Chemical Laboratory, especially to Dr. L. S. 
Kassel who is attacking the same problem from another angle. He is also 
indebted to Dr. H. C. Ramsperger of Stanford University. 


1 NATIONAL RESEARCH FELLOW. 

2 Rice and Ramsperger, J. Amer. Chem. Soc., 49, 1617 (1927). 

3 Kassel, J. Phys. Chem. (in print). Rice and Ramsperger, J. Am. Chem. Soc. (in 
print). 

4 Tolman, Statistical Mechanics, Chemical Catalog Co., 1927, p. 261. 

5 This equation and its consequences will be considered in detail in another article. 


THE THEORY OF THE DECOMPOSITION OF AZOMETHANE 


By Oscar KNEFLER RICE! 
Gates CHEMICAL LABORATORY, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated January 6, 1928 


In this paper we intend to use the considerations of a previous article? in a 
study of the decomposition of azomethane, a homogeneous gas-phase re- 
action which is unimolecular at high pressures. Equations referred to are 
in that article and the nomenclature is the same as used there. 

Our first task consists in the determination of n, m, and «. Later we 
shall consider B and C. 

To get the various quantities we need to consider the thermal properties 
of azomethane, in particular we need to know the average energy at the 
temperature of reaction and higher temperatures. We have to get at this 
indirectly by considering first the specific heat, and it is necessary to esti- 
mate the specific heat itself by comparison with a similar compound, ace- 
tone. Acetone, for the range 129°C. to 233°C. has a specific heat (C,) 
of 24 calories per mole.* We subtract 2 to change C, to C, and 3 more to 
get the ‘internal’ specific heat, whose maximum possible value, as in 
the case of azomethane, is 51 calories per mole. We assume that at the 
temperature at which azomethane reacts, about 600°C. abs. it is slightly 
more excited, and estimate the specific heat at 0.5, the classical value. 
Let us assume for the moment that the oscillators are all equally excited. 
(We treat the rotational terms as if they were due to oscillators since they 
are small in number and hence relatively unimportant.) 
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Now from Einstein’s formulas‘ for the specific heat and energy of a 
harmonic oscillator it will be found that an oscillator which is 0.5 excited 
as regards specific heat has an energy 0.15 the classical value. This would 
make the average energy at 600°C. abs. equal to about 4500 calories. 


From the work of Ramsperger® we may take e — e (Eq. (7)) to be 
about 52,000 calories per mole, and this would make the average energy 
of the reacting molecule 56,500 calories per mole. 56,500 will be the 
average energy at about 1900°C., abs., and it will be close enough to con- 
sider that W, has a maximum at « = 56,500 calories per mole at 1900°. 
Then, from (10) we find m equal to 31 or 32. 

We may investigate how m varies as we change e, in equation (10) and 
this will give us some idea of the error we make by setting m constant in 
(6). It will be found that, in the neighborhood of 56,000, m varies about 
2 per 10,000 calories, increasing with «. The effect of this is to spread the 
curve W,b, against ¢ slightly, on both sides of the maximum, but the 
effect on the final results is inconsiderable. It may also be stated that 
the curves for W,}, at different temperatures of reaction in the range in 
which we shall be interested (290°C. to 330°C.) come near enough to 
having their maxima at the same value of ¢ so that we do not need to worry 
about any difference in m between them. 

On the other hand, had we supposed that the specific heat of 0.5 the 
classical value was due to half the oscillators being fully excited, with 
the other half completely frozen in (6) would become simply a classical 
formula with m equal to 25 or 26. The value of eat 600°C. abs. would be 
about 15,000 calories. 

We have not yet found B and C, but as stated B is of no interest in it- 
self and C only determines the pressure at which the rate has fallen to a 
certain fraction of its high-pressure value. If we plot log K/K., against 
log p, the curve for given values of n, m, and €) is invariable in shape with 
changes of C, such a change merely shifting it along the pressure axis; 
and in such a plot the distance between any two points on two curves for 
different temperatures (with the same values of », m, and ¢) is invariant 
under changes of C, and definitely determined, since the temperature 
coefficients of all quantities involved are known. Now the experimental 
points lie at fixed positions along the log p axis, but may be shifted ver- 
tically, since K., is not exactly known. Taking C as unknown, for the 
time, we may, by suitable horizontal shifting of the theoretical points and 
vertical shifting of the experimental points, bring them into coincidence, 
provided our theory gives the right dependence of relative rate and rela- 
tive pressure. The results of such a comparison, taking m = 31 and @ = 
34,000 calories per mole (found as explained in the preceding paper from 
the above value of m and assuming ¢ = 6000 calories per mole at 330°C.— 
actually it makes e = 7000) is exhibited in figure 1. It is seen that the 
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agreement is satisfactory. Though the theory holds strictly for initial 
rate constants, we have used Ramsperger’s average rates, the error caused 
by this being small. 

The effect of changing m and ¢ is shown by figure 2. Here the curves 
have been brought into the closest correspondence possible, by shifting 
along the log p axis. Curves IV are the result of applying the classical 
theory as originally developed by Rice and Ramsperger.* It is seen 
that the curves have much the same shape, over what may be called 
reasonable variations of m and ¢, and the comparison with the classical 
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@, upper curve, 290°C.; ©, lower curve, 330°C. 


curves seems to indicate that the same is true with respect to variation 
in m. All the curves can be fitted to the data about equally well. De- 
viations between the various curves would probably appear over a wider 
pressure range and if we used still a smaller value of m than was used in the 
classical case, we would reach a point where the rate would fall off rela- 
tively more rapidly with pressure, as was the case when the classical 
theory was applied to propionic aldehyde.” 

But the point to be emphasized is the invariability of the shape of the 
curve over a considerable pressure, when the constants involved are varied 
through a reasonable range. This makes the agreement with experiment 
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much more significant, since it means that, though our determination of 
these constants was admittedly rough, what we have done could not be 
construed as a fixing of the shape of the curve by manipulation of arbitrary 
quantities. 

By use of equations (3), (4), (6) and (14) we may find C in térms of I, 
which is defined in equation (13). Since J can only be approximately 
determined, and since small differences in J make large differences in C, 
it is best to first note that from equations (3), (4) and (5), and figure 1 
(taking s = 6 X 10-* cm.) the value of C (a dimensionless constant) which 
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FIGURE 2 
Curve » m & € (330°C.) Curve » m & € (330°C.) 
I 51 31 34,000 7,000 III 51 25 40,000 12,000 
II 51 51 34,000 12,000 IV 25 25 51,000 15,000 





makes the rate fall off at right pressure, is 3.0 X 10’ at 290°C., and then 
attempt to discover whether the value of J corresponding to this is a reason- 
able value. Substituting (3) and (5) in (4), integrating approximately, 
and using (14) we find that the above value of C makes] = —18.5. 

In order to find out whether this is a reasonable value or not we must 
consider equation (13). Now in the neighborhood of the lower limit the 
integrand of the first integral of (13) may be neglected compared with 
the second. For the average energy of molecules which have an energy 
greater than €,,x, will by either of the distributions (5) or (6) be close to 
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Emax. + kT at a low temperature and the difference between the classical 


and quantum molecules will be small compared to €. — €, which we have 
previously estimated to be 0.8 nkT/2 at 600°C., abs. (since « = 6000 
calories per mole) and which could only be a little more thanth is at 290°C. 
(The classical average energy ec = nkT/2.) On the other hand, if we go to 
a temperature, say, 2400°C., abs., such that practically all the molecules 
have energy greater than émax, (which is 58,000 calories per mole) it will 
be seen that the two integrals cancel each other. Hence we may write 
(for 290°C. or 563°C., abs.) 


2400 
pa 7 E ar = ~ R log (2400/563). 


2 Jw -1 


= 


R is determined to make the above identical with equation (13) and, from 
what we have said above, varies from about —0.8 to 0.0, and R is a sort 
of average in which the values at low temperatures are more heavily 
weighted. We might guess it to be about —0.55. From the value of J, 
— 18.5, we get —0.50, which is close enough considering the nature of the 
calculations. The above comparison is, of course, based on the values 
we have chosen for m and ¢,-but is not very sensitive to changes in these 
quantities. 

A factor which we have heretofore neglected may now be considered 
briefly. We have shown previously that our considerations resulting in 
equation (1) do not hold unless almost all collisions of activated molecules 
result in such a way that neither molecule after collision shall find itself 
in an energy range in which the number of molecules is depleted appre- 
ciably due to reaction.” Let us consider a typical case. At the lowest 
pressure for which we have evaluated (1) in order to get the curve for 330° 
C., in figure 1, we find that only about 22 per cent of the integral is con- 
tributed by molecules whose energy is greater than 54,000 calories per mole. 
Now let one of these collide with an average molecule of about 6000 calories 
per mole. What is the chance that after collision either one of the mole- 
cules should have an energy greater than 50,000, below which molecules 
are present practically in equilibrium numbers? The sum of the energy 
of the molecules being 60,000, this is equivalent to asking what is the 
chance that one of the molecules should have more than 50,000 or less 
than 10,000 calories. If it were just as likely to have one energy as an- 
other, the chance would be one-third, and might necessitate a serious 
correction of our theory. Let us try to estimate the chance that each of 
the molecules shall leave the collision with energy in some small interval 
near 30,000, as compared with the chance that one should have 50,000 
and the other 10,000. We shall assume that statistical equilibrium is 
established between the degrees of freedom of the two molecules at col- 
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lision. Then the ratio of the probabilities is P},/(Ps0P10) where P30 is the 
probability, according to the distribution law, that a molecule shall have 
energy 30,000, P50 that a molecule shall have 50,000, Pio that a molecule 
shall have 10,000 calories per mole.’ This quotient is independent of tem- 
perature, and we may take P’s at the temperature at which 30,000 is the 
average energy (and about the energy, therefore, at which W, is a maxi- 
mum). Let us attempt to calculate P39/Ps. If the oscillators were all 
equally excited to give a specific heat 0.5 the classical value at 600°C., abs., 
this temperature would be 1300; if half of them were completely excited 
it would be 1200. Let us use the former figure to be sure we will not over- 
estimate P3)/Ps. Then we find from (10) that we should use a value of 
m equal to 25 in the neighborhood of 30,000. If we used this value of m 
in a classical formula we would get P3/Ps = 6.2. If we used instead a 
value of 31 for m (which seems to be at least high enough for 50,000) we 
would get P3/Ps = 1.3. Actually it will be between these values. As 
P30/P10 will also be greater than 1, it is seen that there is considerably more 
chance that the molecules should have about equal, rather than widely 
different energies, and as the molecule we originally considered had some- 
what more than the energy of the average reacting molecule at that pres- 
sure, it would seem that the effect may be neglected, although the treat- 
ment cannot be made so satisfactory* as in the classical case.” The error 
caused is in the opposite direction to that caused by using a constant 
value of m in (6) for the evaluation of (1). 

The question still remains as to whether other satisfactory interpreta- 
tions of the decomposition of azomethane could be made. Of the various 
hypotheses regarding activation in unimolecular reactions, the only one 
which occurs to us as likely to offer a possible alternative hypothesis is the 
chain reaction of Christiansen and Kramers. This is a possibility in the 
case of azomethane, since the decomposition is undoubtedly strongly 
exothermic. It is hard to see how to construct a theory to take this into 
account, but it must produce some disturbance. However, if some kind 
of chain is an important means of activation at low pressures, and unless 
the mechanism of transfer of energy is very specific, we would expect the 
reaction rate to fall off during the course of a run as the reaction products 
accumulate, but actually this takes place to only a very slight extent. 
Certain photochemical considerations also indicate indirectly that a chain 
reaction does not play a very important part in the thermal case.° 

At present the evidence seems strongly in favor of the view that in the 
decomposition of azomethane activation is by collision, and that the 
chance of reaction of an activated molecule depends upon the energy in 
about the way that one would expect if reaction is due to the energy be- 
coming localized in a particular place in the molecule. 

The writer wishes to.acknowledge the collaboration of Dr. H. C. Rams- 
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perger of Stanford University in the calculations for the classical case, and 
in the discussion applicable to that case. 

1 NATIONAL RESEARCH FELLOW. 

2 Rice, these PROCEEDINGS, 14, 113 (1928). A joint paper treating this case will soon 
appear.®” 

3 Landolt, Bornstein, Tabellen, 1923, p. 1275. 

4 See, e.g., Reiche, Quantum Theory, E. P. Dutton & Co., New York, p.31. Zero point 
energy does not concern us. 

5 Ramsperger, J. Amer. Chem. Soc., 49, 1495 (1927). 

6 (a) Rice and Ramsperger, J. Amer. Chem. Soc., 49, 1617 (1927); (b) Ibid. (in press). 

7 We are using P’s in this place instead of W’s in order to avoid confusion. 

8 In later work it has been made more satisfactory. This calculation and the similar 
one made for the classical case (Ref. 6b) represent extreme differences in the assump- 
tions as to the nature of the molecule, so it seems very probable that equation (1) 


needs no sensible modification. 
® Ramsperger, J. Amer. Chem. Soc., 50, 131 (1928); Proc. Nat. Acad. Sci., 13, 849 (1927). 


FUNDAMENTAL FREQUENCIES, INTERATOMIC FORCES AND 
MOLECULAR PROPERTIES 


By Joun R. Bates! AND DonaLD H. ANDREWS 
DEPARTMENT OF CHEMISTRY, JOHNS Hopkins UNIVERSITY 


Communicated January 10, 1928 


During the past three or four years the study of the spectra of molecules 
has brought to light a large number of facts which have to do with the 
properties of the individual molecules as contrasted with the facts of 
chemistry which pertain to the properties of atoms and molecules in the 
aggregate. Of these specifically molecular properties, one of the most 
significant is the fundamental frequency, that is, the frequency of the vi- 
bration of an atom in the molecule when it moves with an amplitude 
which is small compared to its own dimensions. For this frequency there 
are now available quite accurate values covering a number of compounds. 
with the help of these values, we wish to point out some relations between 
the frequency and the force of binding on the one hand, and such macro- 
chemical properties as heats of linkage, boiling points and directive in- 
fluence on substitution. 

In several fields different investigators have already met with consider- 
able success in interpreting chemical behavior and physical properties 
with the help of the recently acquired knowledge of the behavior of in- 
dividual atoms. Franck? has related the possibility of the photochemical 
decomposition of a molecule into atoms with the changes in binding and 
vibrational frequency which accompany electronic excitation. He and 
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his co-workers and Terenin made a series of very successful studies on this 
basis. Again in the study of the specific heats of solids it has long been 
recognized that frequencies, secured by optical observations and believed 
to be associated with the vibrations of atoms, are actually of the same 
order of magnitude as the empirical frequencies employed in calculating 
specific heats by the methods of the quantum theory. Recently Andrews? 
has shown that in the case of some compounds of carbon the observed 
frequencies in the infra-red, associated with. the vibrations of carbon and 
hydrogen in the compound, can be used with the formulas of the quantum 
theory to obtain values of the specific heat which agree quite closely with 
the experimentally secured values. Salant‘ has also pointed out that such 
relations exist. Mecke® has made a study of the relation between fre- 
quencies and the positions of the elements in the periodic table. 

The results of these different investigations tend to confirm the cor- 
rectness and utility of regarding the basis of atomic motion in a molecule 
to be harmonic oscillation, that is, vibration of small amplitude with the 
frequency equal to the fundamental frequency, obeying the equations of 
mechanics for the harmonic oscillator. This treatment of atomic motion 
has indeed been employed recently in attempts to show relations between 
fundamental frequency and other properties, for example, by Eucken® 
in classifying heats of linkage with the values of the frequency secured from 
specific heat data; it promises to be especially useful as more and more 
accurate values of frequencies become available from the study of spectra. 
We, therefore, include a brief description of harmonic oscillation and the 
deviations from it which may be expected in real molecules, as a basis for 
discussing the relations we wish to point out between fundamental fre- 
quency and other properties. 

For an atom vibrating harmonically in a crystal lattice the fundamental 
frequency of vibration is given by the expression 


y= es (1) 
where K is the force at unit displacement and M is the mass of the atom. 
In the case of a diatomic molecule, however, the vibration of both 
atoms must be considered, and hence the equation connecting the fre- 
quency, v, of such a harmonic oscillator with the force, K, is 


vy = 1/20 \ (2) 


where yp is the reduced mass of the two oscillators 
ei ae 
M "e M, M, 


Letting r be the distance between the two nuclei, the value of the force is 
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proportional to the displacement r—7) from the point 7) where the potential 
energy is equal to 0. 

If the vibration remained perfectly harmonic through all values of r, 
no dissociation could occur. So some assumption must be made as to how 
the force changes for larger values of r. The simplest of these would be 
that the vibration remains very close to harmonic until a value of r is 
reached, practically that at dissociation, at which point the restoring force 
suddenly becomes very small. As a matter of fact the theory of the 
vibrational quantum states in band spectra shows that the vibration 
is anharmonic. When the atoms move apart the force does not increase 


V 


























FIGURE 1 


as rapidly as it would were the vibration harmonic. Thus for a harmonic 
oscillator the term value of the various quantum states would be 


v = von 


where v is the fundamental frequency and mu is the quantum number. 
In the case of an anharmonic vibration this becomes 


v.= von — bn? 


where b is a constant for any series of vibrational levels. This can be seen 
from an examination of figure 1, in which the potential energy’ is plotted 
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as a function of r. The parabola (1) and the evenly spaced energy levels 
represent a harmonic oscillator, while curve (2) is that of an actual mole- 
cule and the series of levels with decreasing separation is that of an an- 
harmonic oscillator. 

The distance rp—7 for the harmonic oscillator represents the distance 
the atoms must be pulled apart from the position of equilibrium in order 
that the work done shall be equal to the heat of dissociation. In other 
words, the atoms should fly apart without further work when this point is 
reached. In the case of the anharmonic oscillator, since the force does not 
increase as rapidly with the distance the atoms are apart, the displacement 
for dissociation rp—7, will be somewhat greater than in the previous 
case, provided we assume the same work must be done in both cases. 
Unfortunately, we do not know how the force varies near the point of 
dissociation except for the case of electronically excited molecules. 

The energy necessary to dissociate the normal molecule can be shown to 
be 


’p K 
E= P K(r — no)dr = > (rp — 10)? 
— AH-10' 

N-J 
heat of dissociation into normal atoms, / is the Joule, and N Avogadro’s 
number, and for K the values calculated from equation (2) are used, then 
a value of rp—7 is obtained which is equal to the amplitude of vibration 
necessary for decomposition of two atoms. assuming their vibrations to 
remain harmonic until 7 reaches a value close to 7p. This will, of course, 
be a minimum value and in all actual cases 7p will be somewhat larger than 
that calculated for the harmonic oscillation. 

Eucken® in determining heats of dissociation by similar considerations 
tacitly made two assumptions; first that rp —1ro was equal for different types 
of molecules, and second that K was harmonic throughout. His very 
high values for the heats of dissociation of oxygen and nitrogen were 
probably due to this, and to the uncertainty of the frequency values then 
to be obtained. 

Frequency and Directly Related Quantities as Observed for Diatomic Mole- 
cules.—In table 1 are given the fundamental frequencies and heats of 
linkage as secured from the best available values in the literature for a 
number of diatomic molecules, arranged in the order of magnitude of fre- 
quency. The parallelism between frequencies and heats is striking. 
From the frequency (v) and the reduced mass (4) the force constant? 
(K) has been calculated for each type of linkage by means of equation (2). 
From the force constants and the heats of linkage the values of rp—?1 
have been calculated. 


now if for E we take where — AH is the. heat of linkage, i.e., 
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TABLE 1 
HEAT OF FORCE REDUCED 
FREQUENCY LINKAGE CONSTANT Mass X Tp — ro 
BOND X 107 sec. = KG. CAL. X 107% pyngs/cm. 6.06 X 1023G. X 1078 cm. 
Non-Polar Bonds 
H—H 14.6! 101.0%° 695 0.5 1.00 
H—N 10.0? 98.01! 562 0.93 1.06 
H—C 8.958 90.01! 478 0.92 1.14 
C—C 3.034 81.644 (359) 18 6.0 1.25 
C—Cl 1.795 81.0}! 188 9.0 1.72 
C—Br 1.745 39.71! 189 9.6 1.20 
C—I 1.715 40.01! 208 10.9 1.39 
CI—Cl 1.708 58 . 5° 330 17.5 1.10 
I—Cl 1.1467 49 .67 236 27.4 1.20 
Br—Br 0.9758 45 .28 248 40.0 1.12 
I—I 0.63912 35.212 168 63.5 1.20 
Polar Bonds 

H—F®* 11.82 153-1734 865 0.98 

H—Cl 8.67 99.511 486 0.95 

H—Br 7.56 78 31! 369 0.99 


1 J. H. Van Vleck, Bull. Nat. Res. Council, No. 54, p. 101 (1926). 

2 J. W. Ellis, prelim. abstract No. 52, meeting of Amer. Phys. Soc., Dec. 28-30, 
1927; E. O. Salant, Proc. Nat. Acad. Sci., 12, 74 (1926). 

3 J. W. Ellis, prelim. abstract No. 36, meeting of Amer. Phys. Soc., Dec. 28-30, 1927. 

4 Andrews, loc. cit. 

5 J. W. Ellis, Phys. Rev., 28, 25 (1926). Observations on CH2Ch, CHCl;, CH2Bro, 
CHBr;, CHsI, CHilz. 

6H. Kuhn, Z. Physik, 39, 77 (1926). 

7 G. E. Gibson and H. C. Ramsperger, Phys. Rev., 30, 598 (1927). 

8 Hund, Z. Physik, 32, 1 (1925). 

® Brinsmade and Kemble, Proc. Nat. Acad. Sci., 3, 422 (1917). 

10 Diecke and Hopfield, Z. Physik, 40, 299 (1927). 

11 Calculated from the best thermal data available. 

12 Dymond, Z. Physik, 34, 553 (1925). 

18 The value for the total force acting on a carbon atom in a —C—-C—C— chain, 
due to bonds from two adjacent carbon atoms. 


It is to be noted that the forces in non-polar molecules have values 
much closer together than we would expect from the values of the fre- 
quencies, the former varying only four-fold while the latter vary twenty- 
three-fold. The similarity of the values of rp—7 is also very striking, 
especially among related types of linkage such as for hydrogen compounds 
and the halogens. This suggests the great similarity of all non-polar 
bindings. 

The frequencies of the polar molecules HF, HCl, HBr, give values for 
K which vary, as can be seen, over a large range. Any value of rp—1% 
would, of course, in the case of these molecules which are apparently 
built up of ions, be meaningless as far as decomposition into atoms is 
concerned. Such a decomposition, if it occurred monomolecularly, would 
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involve a building up of energy in the vibration of the ions until it equaled 
or exceeded the energy of the electron transition giving an atomic binding. 
At this point a transfer of energy from vibration to electron jump would 
take place. 

The values as calculated from the best thermal data obtainable for 
C—Br and C—I were very uncertain. Bowen" gives 40 K cal. as a value 
for C—I and certainly C—Br is no higher than this. If these values are 
at all correct it would appear that the values of the fundamental frequencies 
of these linkages as given by Ellis may in reality be the first harmonics. 
This would also be more in accord with the decrease in K observed as we 
go down through —Cl, —Br, —I. 

The Force Constant (K) and the Boiling Point.—A very curious relation 
exists between the force constant K and the boiling point in the case of the 
halogens as shown in table 2. It is difficult to say just what connection 
we should expect to exist between these properties, whether connected with 
the steepness of the potential energy curve on the compressional side of 
equilibrium, or with some saturation of the field of force around the 
molecule. It would appear to be an indication of a relation between the 
forces within the molecule and the field of force around it. 


TABLE 2 
Bominc Points AND Force CoNsTANTS 
T°K K X 103 TX Ex I0"4 
H: 20.4 695 1.4 
Ch, 238.5 330 7.9 
Bre 331.8 248 8.2 
ICl 370.0 circa 236 8.7 
I, 457 .0 168 Tt 


Hydrogen is also given to show that a larger force does make for a lower 
boiling point, even when not included in a homologous series. No close 
proportionality could be expected between the others and hydrogen, since 
the potential energy curve would be probably of an entirely different 
character there. 

Fundamental Frequency and Directive Influence on Substitution.—The 
relation which appears to exist between the fundamental frequency and the 
boiling point suggested to us that a relation might also be found between 
the fundamental frequency of the bond C.R or R.R and the directive 
influence which the atom or radical (R) exerts on substitution in the ben- 
zene ring, since the parallelism between this influence and the boiling 
point of HR and C,H;R has recently been pointed out by Francis, An- 
drews, and Johnston.'! Of the nine radicals for which the directive influ- 
ence is very definitely established, we know the frequency associated with 
the R—C bond for only the four ortho-para orienting radicals I, Br, Cl and 
CH;, and for hydrogen which considered as such a radical, appears to lie 











130 CHEMISTRY: BATES AND ANDREWS Proc. N. A. S. 


between the ortho-para and the meta orienting groups. Table 3 gives 
for these five radicals the data which might be related to the directive in- 
fluence, namely the boiling points of CsH;R, HR, and RR, and the fre- 
quencies and force of binding for C—R and R—R. There appears to be a 
parallelism in the values for this rather restricted group, so that there is 
at least an indication that force of binding and directive influence are both 
related to the same factors, probably involved in the electronic configura- 
tion of the molecule. Any direct connection between these two quantities 


appears doubtful. 
TABLE 3 
FREQUENCY K X 103 
BOILING POINTS °C. xX 10713 pa DYNES/CM. 
SEC. 

R CcHsR HR RR R.R c.R RR CR 
I 188.6 184.3 0.639 eg | 168 208 
Br 156.0 — 69 58.7 0.975 1.74 248 189 
Cl 132.0 — 83 — 34.6 1.70 1.79 330 188 
CH; 110.0 — 153 — 88.3 3.03 3.03 359 (175)* 
H 80.0 — 258 — 258.0 14.6 4.59 695 126 


* Approximate value calculated from value for carbon in a chain. 


Summary.—It has been shown that relations appear to exist between the 
fundamental frequency and force of binding in non-polar molecules and such 
properties as heats of linkage, boiling points and directive influence. 
Assuming the molecule acts as a harmonic oscillator, the displacement, 
at which the potential energy of the oscillator equals the heat of linkage, 
has about the same value for all non-polar linkages. 


1 NATIONAL RESEARCH FELLOW. 

2 Trans. Far. Soc., 21, 536 (1925). 

3’ Donald H. Andrews, Verslag. Konink. Akad. Wetens. Amsterdam, 29, 744 (1926); 
Comm. Phys. Lab. Leiden, Suppl., 56, 15 (1926). 

4E.O. Salant, Proc. Nat. Acad. Sci., 12, 334, 370 (1926). 

5 R. Mecke, Z. Physik, 42, 390 (1927). 

6 A. Eucken, Liebig’s Annalen, 440, 111 (1924); see also H. G. Grimm, Atombau 
und Chemie, Handbuch der Physik, Band, 24, 520-545 (1927). 

7 For further discussion of this diagram, see J. Franck, loc. cit. 

8 Loc. cit. 

® This constant is the value of the force of restitution between the two atoms when 
pulled apart to the distance of one centimeter, provided that the force has increased pro- 
portionally to the distance separating the atoms. This condition is, of course, quite 
hypothetical. It is obvious, however, that for displacements say of one-half Angstrom, 
the forces of restitution for different linkages will be proportional to the corresponding 
force constants. 

1 Trans Far. Soc., 21, 543 (1926). 

11 J. Amer. Chem. Soc., 48, 1624 (1926). 
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THE EFFECT OF INTENSIVE DRYING ON THE VAPOR 
PRESSURE AND VAPOR DENSITY OF AMMONIUM CHLORIDE 


By WortTH H. RODEBUSH AND JOHN C. MICHALEK 
CHEMICAL LABORATORY, UNIVERSITY OF ILLINOIS 


Communicated January 14, 1928 


One of the authors! recently reported the results of a series of experi- 
ments, in which intensive drying appeared to be without effect upon the 
vapor pressure of ammonium chloride, and a vapor density corresponding 
to complete dissociation was obtained for material which had been sub- 
jected to a long period of intensive drying. Recently there has come to 
our attention a paper by Smits? in which results quite different from ours 
are reported. He finds that the vapor pressure is reduced by intensive 
drying and that the vapor density of the dry substance corresponds to the 
formula NH,Cl, or even a higher molecular weight. Numerous writers® 
in the past have found difficulty on thermodynamic grounds in accounting 
for the results of Baker,‘ Johnson® and Smith and Calvert,® which taken 
together indicate that intensive drying affects the vapor density but not 
the vapor pressure. 

Smits’ paper is only a preliminary report and experimental details are 
lacking but apparently his apparatus and experimental procedure were 
similar to that used by the authors. In the absence of complete details 
we should like to comment upon two or three points only. 

In the first place, it is evident that experiments upon the effect of in- 
tensive drying upon chemical substances can only be confirmed if positive 
results are obtained. The failure to obtain the bizarre results which have 
been reported in the literature can always be attributed to the neglect 
of some apparently trivial detail in the téchnique of drying. The fore- 
going statement does not hold, of course, in case it is possible to show that 
the results were due to some chemical reaction as has been done by Boden- 
stein and Jost’ in the case of the results of Lewis and Rideal* on the effect 
of drying on the reaction of hydrogen with the halogens. A similar finding 
is reported by Balareff* who has repeated the work of Baker’? on intensively 
dried liquids. The authors would be less hesitant in accepting the re- 
sults reported in the literature on ammonium chloride had they not ob- 
served an unmistakable effect produced by intensive drying, viz., an ex- 
traordinary retardation in the rate of evaporation and condensation. The 
temperature must be held constant for several hours before equilibrium 
is established between the vapor and solid phases. It would seem that 
this effect would have prevented Baker from obtaining correct results by 
the Victor Meyer or Dumas methods for vapor density. The experi- 
ments of Johnson were not conclusive and are not considered by Smits to 
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have been carefully performed. Previous to the appearance of this 
paper by Smits, there has been no report of experimental work which can 
be taken as conclusive proof that dry ammonium chloride has an abnormal 
vapor density. 

Granting that Smits’ results are correct they are scarcely less surprising 
from the thermodynamic point of view than the previous results of John- 
son. Smits’ results indicate a heat of vaporization per mol of vapor of more 
than 40,000 cals. at 286°C. At this same temperature he finds a vapor 
density corresponding to the formula NH,Cl. Since the heat of dissocia- 
tion of solid ammonium chloride as measured calorimetrically is 40,000 
cal. per mol, this would mean that the dissociation of dry ammonium 
chloride in the vapor state is an exothermic reaction. 

1 Paper presented by J. C. Michalek at the Detroit Meeting of the American Chemi- 
cal Society, September, 1927. 

2 A. Smits, Rec. Tran. chim., 46, 445 (1927). 

3 Van Laar, Zeit. physik Chem., 62, 194 (1908). Abegg, Ibid., 62, 607 (1908). Weg- 
scheider, Ibid., 65, 97 (1909). 

4 Baker, J. Chem. Soc., 65, 615 (1894). 

5 Johnson, Zeit. physik. Chem., 65, 38 (1909). 

6 Smith and Calvert, J. Amer. Chem. Soc., 36, 1363 (1914). 

7 Bodenstein and Jost, I[bid., 49, 1416 (1927). 

8 Lewis and Rideal, [bid., 48, 2553 (1926). 

® Balareff, J. prakt. Chem., 116, 57 (1927). 

10 Baker, J. Chem. Soc., 121, 2555 (1922). 


SOME EFFECTS OF DIETARY INSUFFICIENCY IN THE CILIATE 
DIDINIUM NASUTUM 


By C. Date BgsErs! 
Zo6LOGICAL LABORATORY, JOHNS HOPKINS UNIVERSITY 


Communicated January 3, 1928 


To an elucidation of the normal life-cycle of an infusorian, a critical 
examination of the relation of the organism to its environment and a 
thorough understanding of the cultural requirements of the organism are 
prerequisite. Evidence is accumulating which indicates that in many 
genetic studies on infusoria precise knowledge of the cultural demands of 
the experimental animals was wanting and that the outcome of the ex- 
periments, usually the degeneration and death of the animals, was er- 
roneously interpreted. Maupas,? for example, observed progressive de- 
generative changes in a number of infuscria after long-continued culture 
and considered such changes to be the result of intrinsic aging and not of 
unfavorable environment, a conclusion which is valid only upon satisfac- 
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tory demonstration of the complete adequacy of the environment. 
Calkins’ interpretation of similar degenerative phenomena observed in 
his own extensive investigations® is in accord with Maupas’, but Woodruff‘ 
believes that such changes are the results of inadequate environments. 
The desirability of additional knowledge concerning the cultural demands of 
infusoria is manifest. The present studies, dealing with certain effects of 
diet in the holotrichous ciliate Didinium nasutum, bear directly upon this 
point. : 

The profound effect which diet, one of the crucial environmental factors 
concerned in the process of living, may exercise upon the cultural history 
of Didinium is well illustrated in the studies of Calkins,® of Mast,® and of 
the writer.’ Calkins cultured pure lines on a diet limited to nine speci- 
mens of Paramecium caudatum per line daily; the lines showed decrease 
in fission-rate, increase in encystment-rate, and, after the passage of 
approximately 125 generations, complete encystment. Calkins, evidently 
believing this diet to be adequate, attributed the decline and encystment 
of the lines to diminished vitality associated with the passage of genera- 
tions. Mast found no evidence of cyclical decline and encystment in 
pure lines of Didinium; in fact, one series of his experimental lines pro- 
duced more than 1000 generations without encysting, though Mast placed 
no limitation on the amount of food received by the didinia. The writer, 
by culturing in parallel two sets of didinia of identical lineage, one in 
accordance with Calkins’ procedure and one in accordance with Mast’s, 
found that the first set encysted and that the second did not, and concluded 
that the encystment of Calkins’ lines was the result of underfeeding. 

The foregoing studies, demonstrating that quantity of food has a sig- 
nificant effect on vitality and length of life in Didinium, suggested the pres- 
ent inquiry into the effect on various life processes in this infusorian of 
certain changes in the nature or quality of the food. Starvation of the 
paramecia to be used as food was resorted to in an attempt to alter the 
chemical constituents of the diet—and with gratifying results. 

This study consisted essentially of a comparison of the fission-rate, 
encystment-rate, and death-rate in two groups of pure lines of Didinium 
which were cultured simultaneously on different diets. Each group con- 
sisted of ten pure lines, all of which were derived from a single individual. 
The first group was maintained on a diet of paramecia which were in a state 
of pronounced inanition induced by a week of starvation in spring water. 


. The second group was cultured on well-fed paramecia taken from infusions 


rich in bacterial flora. To eliminate differences in the experimental 
treatment of the two groups, all of the paramecia were washed in spring 
water before being fed to the didinia. The lines were cultured in large 
drops of spring water contained in depression slides. Transfer of certain 
of the progeny to clean slides and to fresh fluid containing a newly prepared 
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supply of food was made daily. No limitation whatsoever was placed on 
the quantity of food received by the lines of either set, a fact worthy of 
special emphasis; each day sufficient food was added to insure a generous 
surplus on the following day. Thus the two groups were cultured as nearly 
alike as was experimentally possible, except for the nature of the food 
supplied them. 


TABLE 1 


THE Errect oF DEFICIENT Diet IN Dipinrum. BoTH GRrouPS WERE DERIVED FROM 
THE SAME INDIVIDUAL AND WERE CULTURED SYNCHRONOUSLY. Eacu Group Con- 
SISTED OF 10 PurE LINES. THE LINES oF Group 1 RECEIVED AS Foop-STARVED 
PARAMECIA, THOSE OF GROUP 2 WELL-FED PARAMECIA. NOTE DECLINE AND DEATH 
IN Group 1, AND THE ABSENCE OF SUCH CHANGES IN Group 2, THE ENCYSTMENT- 
AND DEATH-RATE OF WHICH WERE PRACTICALLY ZERO AND CONSEQUENTLY ARE Not 


TABULATED 
Group 1 GROUP 2 
AVERAGE NUMBER AVERAGE NUMBER 
DAYS OF FISSIONS PER PER CENT OF PER CENT OF FISSIONS PER 

CULTURE LINE ENCYSTMENTS DEATHS LINE 
1 2.4 4.5 0.0 3.4 
2 1.1 23 .3 0.0 3.5 
3 1.8 2.4 2.4 3.7 
4 1.3 11.8 0.0 4.0 
5 2.0 4.7 0.0 3.0 
6 0.8 12.5 16.6 3.2 
7 1.4 8.3 2.8 3.4 
8 2.1 0.0 0.0 3.6 
9 1.9 0.0 5.0 3.3 
10 2.2 0.0 0.0 3.4 
11 1.4 0.0 6.6 3.7 
12 1.5 0.0 3.1 3.4 
13 1.6 0.0 3.1 3.8 
14 1.0 9.1 4.5 3.2 
15 0.8 0.0 22.2 3.1 
16 i | 0.0 8.3 4.0 
17 1.5 2.8 5.6 3.9 
18 1.2 3.7 7.4 3.5 
19 1.2 3.8 7.6 3.6 
20 0.7 5.0 25.0 3.2 
21 1.2 0.0 12.3 3.3 
22 0.7 5.5 22.2 3.5 
23 0.8 0.0 29.3 3.7 
24 0.7 4.7 19.0 3.6 
25 0.9 0.0 18.2 3.5 
26 0.3 7.2 42.8 3.2 
27 0.9 0.0 se 3.2 
28 1.0 0.0 8.4 3.7 
29 0.8 6.4 17.2 3.6 
30 0.3 0.0 50.0 3.8 
31 0.0 0.0 100.0 3.5 
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The cultural histories of the groups were remarkably diverse, as is shown 
in table 1, in which the results obtained with a clone of Didinium desig- 
nated as number 4 are summarized. For convenience the lines cultured on 
starved paramecia will be referred to as group 1, and those cultured on 
well-fed paramecia as group 2. 

The table calls special attention to the following features of the cultural 
histories of the groups: The fission-rate in group 1 showed a consistent 
decrease as the period of culture advanced, but at no time was it as high as 
that in group 2. The encystment-rate in group 1 was relatively high 
during the first 7 days of culture, and was significantly lower throughout 
the remainder of the period. The death-rate was relatively low up to the 
twentieth.day; in the last 12 days it was appreciably higher, and showed a 
progressive increase, until, on the 31st day, it reached 100% and brought 
to a close the cultural period. No decrease in fission-rate occurred in 
group 2. 

No cysts were produced in group 2 during the 31 days, and only one in- 
dividual of the group died—in all probability an accidental death and one 
of no significance. Consequently the encystment-rate and death-rate 
of the group are not included in the table. These lines were discontinued 
upon the death of group 1. 

In the 31 days group 2 produced a total average of 108.5 generations per 
line; in the same time group 1 produced an average of only 36.6 genera- 
tions per line. Monstrous, distorted, and dwarfed specimens were nu- 
merous among the lines of group 1. Most of the monsters were evidently 
the result of incomplete fission, a second fission being superimposed 
on the first to form a multi-constricted individual. The miniature indi- 
viduals seemed to be incapable of ingesting their food successfully; they 
became progressively weaker and ultimately died. The distorted in- 
dividuals lacked the perfect radial symmetry characteristic of normal 
didinia. No anomalous individuals of any sort were produced in the 
lines of group 2. 

This entire experiment was repeated with didinia of three other clones, 
the results of each of these repetitions being in general agreement with those 
just described. Group 1 of clone 5 produced 42.3 generations in 37 days 
before dying out, group 1 of clone 6 22.7 generations in 20 days and 
group 1 of clone 7 52.5 generations in 40 days. The division-rate of 
group 2 of these respective clones was always in the neighborhood of 3 
or'4 generations a day, and the death-rate and encystment-rate were 
practically zero. Thus it is seen that, although the length of survival on a 
diet of starved paramecia varied in different clones, the end result was in 
each instance the same—depression and death. 

To what may the death of the lines maintained on starved paramecia be 
attributed? The evidence indicates conclusively that their decline and 
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death were the results of dietary deficiencies. ‘The effects of starvation on 
Paramecium are not unlike its effects on other animals; patently, starved 
paramecia lack the reserve of food substances present in well-fed para- 
mecia. And, clearly, the constituents of Paramecium protoplasm consti- 
tute the chief source of food for Didinium. Evidently the process of 
starvation produced paramecia which were deficient in certain types of 
food substances vital to the normal growth and reproduction of Didinium, 
and the didinia on such a diet exhibited definite symptoms of degeneration 
and finally died. Since no limitation was placed on quantity of food, the 
deficiency in diet was clearly of a qualitative nature. 

The results of comparing the fates of pure lines cultured on nine para- 
mecia daily (a diet quantitatively insufficient, as indicated by the writer’s 
previous studies) and pure lines cultured on starved paramecia (a diet 
qualitatively insufficient) are of special interest. Lines suffering from 
quantitative dietary insufficiencies encyst, and this encystment the writer’ 
interpreted as a protective response to an adverse environmental con- 
dition. Lines suffering from qualitative dietary insufficiencies seemingly 
lose the power to encyst as culture continues, and ultimately they die; 
encystment does not save them from the adverse environment. ‘The fact 
that some unfavorable environments do not induce encystment is com- 
mented on by Calkins,* who states that the view that encystment is a means 
of protection is ‘probably more traditional than accurate.” For the 
present, we can only conclude that some adverse environments induce en- 
cystment, others do not. 

Of further interest is a comparison of the symptoms of degeneration 
observed in the present studies and of the degenerative changes observed 
by Maupas in Stylonychia and considered by him to be symptoms of 
senescence. The symptoms of degeneration in Didinium included—to 
summarize—decrease in fission-rate, loss of ability to encyst and decrease 
in encystment-rate, inability to ingest food, decrease in size, monstrosities, 
general debility and death. The symptoms of the so-called senescence 
observed by Maupas included cessation of food ingestion and emaciation, 
decrease in size, debility, structural abnormalities, and death. The 
similarity of these two sets of symptoms lends further support to the 
belief, currently held by many investigators, that Maupas’ animals also 
degenerated because of cultural inadequacies and not because of a kind of 
senescence inherent on the process of living. 

The present experiments serve to emphasize the importance, mentioned 
above, of ascertaining precisely the cultural requisites of an infusorian 
before drawing conclusions in reference to the existence of an intrinsic life 
cycle terminating in senescence and death. 


1 NATIONAL RESEARCH FELLOW. 
2 Maupas, E., Arch. de. Zoél. Expér. et Gén. (2) 6, 1888 (165-277). 
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8 Calkins, G. N., Biology of the Protozoa, 1926. 

4 Woodruff, L. L., Amer. Nat., 59, 1925 (225-249). 

5 Calkins, G. N., J. Exp. Zoél., 19, 1915 (225-239). 

6 Mast, S. O., Jbid., 23, 1917 (335-359). 

7 Beers, C. D., J. Morph. and Physiol., 42, 1926 (1-21). 


MENDELIAN INHERITANCE WITH ASSORTIVE MATING 


By Epwin B. WILSON 
HARVARD SCHOOL OF PUBLIC HEALTH, BosTON 
Communicated January 3, 1928 
Pearson! and Snow? have treated the inheritance of a Mendelian unit 
character of the dominant-recessive type in a population mating at ran- 


dom. I propose to examine the case of assortive mating with coefficient p. 
It will be assumed that the fractions of the population, male and female, 


FEMALES FEMALES 
MALES x y Z MALES x y z 
z x? xy x x (1 + f)x? (1 + f)zy (1 — p)xz 
y Rif ie y QA+fys (+f (1 — p)ys 
Z 2x sy at z (1 — p)zx (1 — p)zy (1 + g)z* 


which are pure dominant, hybrid (apparently dominant) and recessive are 
x,y,2withe +y+2= 1. The condition of random mating is given on 
the left, that of assortive mating, on what seemed to be the simplest 
assumption, on the right. It is seen that 


fulu +) = pxz or f = p2/(x +9) 
ge = pax ty) or g= p(x +y)/z 
are the conditions that the males and females all mate.* The gametic 


table for the offspring of the matings will be 


OFFSPRING 
FATHER x y 3 


1 1 
x ( + 7”) + f) gl +f) + (1 — p)xz 0 
eee 1 1 1 1 1 
y (; ay ts a + f) fs xy + :7*)0 FA +5A-e)ye sRA+h + gl —e)ox 
1 
* 0 (= 9) s+ 5 (1 — pss (1+) + oye 
The conditions that the population perpetuate its genetic constitution 


are given by summing the columns and equating to x, y, z. The third 
equation is 
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eae + f) + (—p)ye + (1 + gs? = «. 


As x = 1—y—z it may be eliminated and the resulting quadratic equation 
for y solved for the one root which has meaning. Then if u = (1—p)z 


Vu 1-Vu 


y = 2 ———} (1-2) x = ———— (1-2) z= 


“1+ Vu 1+ Vu ims 


The table for matings on a somatic basis, where pure dominants and hy- 
brids are taken together, is 


FEMALES 
MALES x+y z 
x+y (1 + f)(x + 9)? (1 — p)(x + y)s 
z (1 — p)(x + y)z (1 + g)z? 


The correlation coefficient associated with the four-fold table for assort- 
ive mating is‘ 
(1 + f) (~ + y)? (1 + g)2*—(1—p)*(x + TF asi 
V(x + y)2 (x + y)2 - 


The four-fold table for somatic inheritance of offspring from either parent 
is® 








OFFSPRING 
PARENT x+y z 


1 1 1 
xty (x+y)2(1 +f) + (1 — p)xs + 5 (1 — p)y2 aru +f)+ r (1 — p)yz 
1 1 
z (1 — p)xz + 5 — p)yz 22(1 + g) + 3 (1 — p)yz 


and the correlation coefficient is 





1 2 
a1 + g) +5 (1 — p)ye — 2? p+ Ju (1) 
at (% + y)z ~ 1+ Vu 


For any positive value of p, 1—r is less than the value when p = 0 and 
hence r is greater as might be expected. The four-fold table for somatic 
correlation of offspring of the same matings in pairs (sibling correlation) 
is found by pairing the offspring of all possible pairs of parents and is° 


FIRST SECOND SIBLING 
SIBLING x+y z 


9 1 3 1 
x+y (+2004 0") ++ (jort2=)a-» 16? + f+ 5 721 — p) 


3 1 1 1 
es yv(1+f)+ 5 22(l —p) (1+g)2?+ 67 tA +; el — p) 


The corresponding correlation coefficient is 
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eres Fit 


ies (x + y)2 ~  a(L + Vu) 

When the fraction of recessives is negligible the value is (1 + 3p)/4 whereas 
the parent-offspring correlation is p. When the fraction of recessives is 
near unity the sibling correlation is near (1 + p)/2 as is also the parental. 
For different fractions of recessives in the population the table gives for 
comparison the fractions of hybrids and dominants, the correlation 1; 
of parent and offspring, and the sibling correlation 7,, in the cases p = 0 
and p = 0.2. 





p=0 p=0 
x rf rs ¥ x rf Ts 
0.0 0.25 ; 0.00 1. 0.20 0.40 
0:09 0.30 0.16 0. 0.27 0.43 
0.18 0.34 : 0.32 0. 0.33 0.47 
0.31 0.41 ‘ 0.46 0. 0.43 0.51 
0.41 0.45 . 0.39 O. 0.51 0.55 
0.50 0.50 ; 0.00 O. 0.60 0.60 


Whether these considerations and the resulting formulas may be applied 
to measured values of the correlation coefficients is far from sure. It may 
be doubted that the correlation of statures of fathers and sons should 
give the value r; determined from the four-fold table even if the inheritance 
were of the simple Mendelian type postulated, it is reasonably sure that 
it is not of that type, and it may be questioned whether mating is at 
random except as assortive. Nevertheless, if the theory held, equations 

‘ (1) and (2) would serve to determine p and z as 


p = 4r, —2r, — 1, afe a LLP $e (3) 
lL ty 1-—p 


Although the equations are not always linear, so that mean values may be 
used with confidence, it is interesting to apply the results to the mean 
measured correlations given by Snow.’ 


Man. ry = 0.470, rs = 0.521. Hence p = 0.14,2 = 0.45, y = 0.43, x = 0.12 
Shorthorn 

ry = 0.444, r, = 0.530. Hence p 0.23, s = 0.19, y = 0.45, «x 0.36 
Greyhound 

ry = 0.582, re = 0.559. Hence p = 0.17, 2 = 0.71, y = 0.25, x = 0.04 
Mean ry = 0.482, r, = 0.537. Hence p = 0.18, 2 = 0.41, y = 0.48, x = 0.16 
Mean of the derived values p = 0.18, 2 = 0.45, y = 0.38, x = 0.17 
Basset Hound r; = 0.526, 7s = 0.508. Hencep = —0.02. Theory inapplicable asz > 1. 


1K. Pearson, Phil. Trans. Roy. Soc. London, A203, 53-86, 1904; Proc. Roy. Soc. Lon- 
don, B81, 1909. 

2B. C. Snow, Proc. Roy. Soc. London, B83, 37-55, 1911. 

3 For any use we shall make of the table the results would be the same if the same 
portion of each sex in each gametic division of the population failed to mate. 
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‘ For the four-fold table 











| 
with pi = Pu > Pu, = = mS a= Pipre — Prpa = Pu = Pipe = etc. 
21 = . 
and po = pu + pr, ie tae th 4 / piqued: 


5 The method is straightforward, is given at length by Snow and need not be carried 
out in detail here. 


GENETIC EVIDENCE OF A SELECTIVE SEGREGATION OF 
CHROMOSOMES IN A SECOND SPECIES OF SCIARA (DIPTERA)! 


By CuHas. W. METz 


DEPARTMENT OF GENETICS, CARNEGIE INSTITUTION OF WASHINGTON, 
CoLp Sprinc Harsor, N. Y. 


Communicated January 10, 1927 


In earlier papers*® it has been shown from cytological observation that 
during the first spermatocyte division in Sciara (several species) the ma- 
ternal chromosomes appear to separate bodily from their paternal mates, 
without having undergone synapsis, and that one of the two resulting hap- 
loid groups is cast off instead of being transmitted by the sperm. This 
process has several aberrant characteristics? which make any simple 
interpretation difficult, but with respect to the paired chromosomes‘ it 
seems best interpreted on the assumption that either the maternal or the. 
paternal haploid group is regularly cast off. 

This interpretation is supported by genetic evidence already reported® 
involving one pair of chromosomes in Sciara coprophila Lint. In that 
case it was shown that the male transmitted only the maternal member of 
the pair of chromosomes under consideration. 

The present paper deals with similar evidence from another species, 
Sciara similans Johan. As in the preceding case, the males transmit only 
the gene (and hence the chromosome) derived from the mother. 

The mutant character dealt with here is a dominant wing modification 
called broad. The first broad fly detected was a female. When mated to 
a wild-type male from stock she gave 32 wild-type and 28 broad offspring 
(all females). These were likewise mated to wild-type males from stock. 
The wild-type females gave only wild-type offspring, while the broad fe- 
males gave both wild-type and broad, with a deficiency in the broad class 
due to poor viability. 

Broad flies from this generation were mated inter se and to wild-type 
with the following results: Four matings of virgin broad females by wild- 
type males gave in each case wild-type and broad, as in the preceding 
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generation. Five matings of virgin wild-type females by broad males 
gave in each case only broad offspring (total 53 flies). Only two matings 
of broad by broad gave offspring. These both gave nothing but broad 
(total 47 flies). 

In these matings it is seen that the heterozygous broad males breed 
as if they were homozygous for broad—i.e., they transmit only the gene 
derived from the mother. Further tests of such males in the succeeding 
generation gave the same result. Only one successful mating was ob- 
tained of a broad male from the reciprocal cross (wild-type mother by 
broad father) but in this the broad male mated to a virgin wild-type female 
gave only wild-type offspring (56 flies)—i.e., he transmitted only the 
gene derived from his mother. 

Throughout these experiments numerous matings were made of wild- 
type by wild-type flies (all sibs of broad). ‘These continued to give only 
wild-type offspring,’ confirming the conclusion that broad is a dominant 
character. 

Owing to the poor viability of broad flies and the difficulty of breeding 
them, the stock was soon lost. But sufficient evidence was obtained to 


' show that the pair of chromosomes involved here undergoes in the male a 


selective type of segregation like that found in Sciara coprophila.® 

This finding adds to the probability that all of the paired chromosomes 
in these species undergo such a segregation. It is possible, of course, 
that only part of them behaves thus, and that we have happened to fol- 
low a pair of this kind in each species. Such a possibility is less than 
would appear at first sight, however, because, from the nature of the in- 
heritance involved, chromosomes undergoing random segregation would 
be more apt to be detected than those undergoing selective segregation. 


1 This investigation has been aided by a grant from the NATIONAL RESEARCH COUNCIL, 
Committee for Research on Problems of Sex. 

2 Cf. Science, 61, 212, and 63, 190, for brief accounts, and Zeits. ind. Abst. Vererb., 
42, 237-270 (1926) for full account. 

3 Considered fully in the papers referred to above. 

4 In addition to the paired chromosomes there are two large “‘sex-limited’”’ chromo- 
somes found only in the males. In the present discussion these are left out of account 
since they have no counterparts in the female, and since they appear always to go with 
the group which is retained and transmitted by the sperm. 

5 Metz, C. W., these PRocEEDINGS, 12; 690-692 (Dec., 1926). A detailed account 
followed in Zeits. ind. Abst. Vererb., 45, 183-200 (1927). 

6 This species, like Sciara coprophila, is one in which “‘unisexual progenies’ are ob- 
tained. Cf. preceding papers listed under footnotes 2 and 5. 

7 From one such mating a single broad fly is recorded, due almost certainly to con- 
tamination or to an error in recording or classifying. 

§ In the female segregation is apparently at random in both cases. 
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THE “OUTSIDE-IN” OENOTHERA FLOWER, A NEW MORPHO- 
LOGICAL TYPE PRODUCED BY THE INTERACTION OF TWO 
RECESSIVE MENDELIAN FACTORS! 


By GeorcE H. SHULL 
PRINCETON UNIVERSITY, PRINCETON, NEW JERSEY 
Communicated January 5, 1928 


The ‘‘outside-in’’ Oenothera flower is a new morphological structure 
of such intrinsic interest, and the method of its origin as the result of the 
interaction of two previously known recessive Mendelian genes so unique, 
that it seems worthwhile to publish a preliminary account instead of 
waiting for the development of the further genetical experiments which 
have been undertaken with it. 

The characteristic feature of the “‘outside-in’” flower is the rhythmic 
repetition of three of the four sets of floral organs which make up the nor- 
mal flower, so that the order of succession of parts as we pass from outside 
inward is: calyx, corolla, androecium, calyx, corolla, androecium, calyx, 
corolla, and so on. In some flowers as many as four repetitions of these 
floral organs have been recognized and no structures were found which 
could be identified as of carpellary nature, the ovary and hypanthium 
being replaced by a solid pedicel. Functional stamens were usually found 
only in the external one or two repetends. The more internal repetends 
have the stamens reduced to functionless staminodia, or even to structures 
whose identity cannot be determined. The recognition of the several 
floral whorls was rendered easier by the simultaneous presence of the 
rubricalyx factor, so that each repetition of the calyx could be recognized 
by the red pigmentation as well as by its texture and relative position with 
reference to other parts. It was this conspicuous presence in the interior 
of the flower of the red coloration normally seen only on the external surface 
of the calyx that led to the name “‘outside-in’’ for this type of flower. 

The “‘outside-in”’ flowers were first seen in the summer of 1926 in several 
individuals of an F; family (No. 25115) from a cross between a double- 


flowered old-gold Lamarckiana mother (SSos,0spB,B,) and a single- 


flowered sulfur-colored brevistylis father (ssVS,VSyb,b,). The mother had 
the green hypanthia characteristic of Lamarckiana and the father the 
intensely reddened hypanthia of rubricalyx. The F, family (24113) con- 
sisted of 114 plants, of which 47 were albinistic and did not come to bloom. 
Of the 67 which bloomed, all were single-flowered yellow-petalled, long- 
styled plants, of which 28 had red hypanthia (rubricalyx) and 37 had 
green hypanthia, in close agreement with the 1:1 ratio expected if the 
pollen-parent were heterozygous for the rubricalyx factor (that is, R"R’). 
One of the rubricalyx plants (No. 54) in this F, family, self-pollinated, 
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gave rise to the F; family No. 25115, which contained 92 yellow long- 
styled, 8 sulfur long-styled, 2 old-gold long-styled (cross-over), 32 yellow 
brevistylis, 1 sulfur brevistylis, 43 old-gold double, and 3 gold-center double. 
All had rubricalyx buds owing to the linkage of the green-hypanthium 
factor with one of the Lamarckiana zygote lethals. ‘The sulfur and gold- 
center categories were cut down by a similar relation of the sulfur factor, 
s, with a “gamete lethal’ derived from biennts, there being only 9 sulfurs 
and 3 gold-centers, where nearly five times as many of each would have 
been expected had no “‘gamete-lethal”’ effect been manifested. 

The “‘outside-in” plants were not, at the time, clearly distinguished 
from other variations of the double-flowered type, and in the foregoing 
summary of family 25115 they are included with the doubles. From my 
notes it is not clear whether there were more than two plants with ‘‘out- 
side-in’”’ flowers, as they were not then recognized as the double-recessive 
type for which I was looking. It was almost by accident, therefore, that 
a combination was made which led in the very next generation to the dis- 
covery of their actual genotypic constitution. Individual No. 25115 (189) 
was a fine example of the “‘outside-in’”’ type, and its petal color was sup- 
posed to be gold-center, but owing to the alternation of the petals with the 
strongly reddened calyx, I did not feel quite certain that the plant was not 
an old-gold in which the eye of the observer was being deceived by the 
proximity of the darker calyx pigmentation. Further, the fact that I 
had never before seen a double-flowered gold-center, but had had more than 
a thousand double-flowered old-gold naturally raised the question whether 
this plant was really gold-center or old-gold. To test this question 25115 
(189) was used to pollinate a long-styled sulfur-flowered sib (186), the 
progeny from this cross being expected to be yellow-flowered or at least 
to show a dominant group with yellow flowers if the pollen parent (189) 
were old-gold, while the dominant type in the progeny would have sulfur- 
colored flowers if the pollen-parent were a gold-center plant. 

The offspring from this cross (family 26198) were grown during the 
past summer (1927) and the 21 plants which came to bloom represented 
five phenotypes as follows: 5 single-flowered, long-styled sulfur; 4 single- 
flowered brevistylis sulfur; 3 double-flowered gold-center; 8 ‘“‘outside-in”’ 
gold center; and 1 single-flowered, long-styled gold-center (cross-over). 
These results show that the pollen parent was a gold-center, and that it 
was also the double-recessive combination of brevistylis (short-style) 
and supplena (double-flowered); it also showed that the seed-parent 
was heterozygous for the old-gold factor (Vv), the supplena factor (Sp5») 
and the brevistylis factor (B,b,). The cross which resulted in family 
26198, therefore, was a backcross of a trihybrid (in which the v and s» fac- 
tors were closely linked) to the corresponding triple recessive. The 
numerical ratio of the phenotypes produced by such a backcross agrees with 
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the ratio of different genotypes presented by the gametes of the hetero- 
zygous parent. Omitting the one cross-over individual, the observed ratio 
5:4:3:8 does not differ significantly from the expected backcross ratio 
5:5:5:5; the index of goodness of fit, x? is only 0.7 and the value of P, there- 
fore, considerably over 80 per cent. 

The most remarkable feature of this result is the apparent demonstration 
that the ‘‘outside-in’’ type of flower is produced by the combined action 
of two recessive factors whose previously known effects are not more or less 
completely summated in their combination, but which, when acting to- 
gether produce a morphological character incommensurate with the 
characters they produce when not associated together in the same in- 
dividual. In other words, these two recessive factors—for the short 
styles of mut. brevistylis and the double flowers of mut. supplena—are 
complementary factors for the ‘‘outside-in’”’ type of flower. 

This discrepancy between the two single recessives and the correspond- 
ing double recessive will be obvious if the ‘‘outside-in’’ floral structure 
above described be compared with each of the single recessives briefly 
characterized below. 

The brevistylis factor (b,) produces as its most striking manifestation 
a style of only about two-thirds the normal length, with a much modified 
and nearly functionless stigma which lies at or near the orifice of the hy- 
panthium; but it also produces noticeable modifications of several other 
features of the plant. In the rosette stage, the brevistylis plants can often, 
but not always, be recognized by the obtuse or nearly truncate apexes of 
certain leaves; the buds have blunter cones with shorter terminal processes 
of the calyx lobes, and there is a much less effective development of the 
abciss-layer by which the calyx tube is separated from the summit of the 
ovary after anthesis is completed. The failure of the withered flowers 
to drop off, together with the failure of capsules to develop owing to the 
rarity of successful fertilization, give the brevistylis plants their most 
characteristic peculiarities of general phenotypic aspect. 

The supplena factor (s,) (for double flowers) produces no noticeable 
modification in the plant until the flower-buds appear, when it may be 
frequently noted that some of the cones have a rather irregularly swollen 
condition produced by the pressure of supernumerary petals within. The 
degree of expression of the doubleness factor is quite variable, as might be 
supposed, and it is also notably affected by the interaction of other genetic 
factors. It has been very interesting, for instance, to find that the zygote 
lethals of Lamarckiana act as potent modifiers of the supplena character, 
so that there is a very much lower grade of doubling in Lamarckiana, which 
has two linked lethals, than in erythrina, which has only one lethal, and the 
supplena character reaches its highest development in forms like decipiens 
which are free from lethal factors. While the supplena factor has been 








on oO 0 


ono © 0 » & @ 


~~ % OO mB 





Vou. 14, 1928 GENETICS: G. H. SHULL 145 


named from its effect in producing supernumerary petals, this only par- 
tially describes its action, for there is an even more delicate criterion of the 
presence of the supplena factor in its effect on the stigmas, and often a 
flower can be recognized by its styles and stigmas as belonging to supplena, 
even when no supernumerary petals are present. It is not uncommon to 
find plants of Lamarckiana supplena, in which some of the earliest flowers 
have no extra petals, and in a smaller number of the flowers there is also 
no noticeable deviation of style and stigmas from those of typical La- 
marckiana. ‘There is, however, a progressive increase in the dependable- 
ness of the character as the season advances, until it becomes possible to 
place a plant in its proper category by the observation of any flower on it. 
In Lamarckiana supplena the styles and stigmas usually depart little 
from normal in the early part of the season, but still it is rare that the style 
is not more or less split at the top, and often one or more of the stigmas are 
thus separated from their fellows. In Oe. erythrina supplena, which has 
but one of the Lamarckiana lethals, I have rarely, if ever, seen a flower 
without supernumerary petals—usually four or more—and the styles are 
shortened and the stigmas massed together into a clavate structure, which 
is functional, however, so that an abundance of seeds are produced. The 
style has the further peculiarity that it is covered with numerous rather 
long hairs which catch and hold the pollen, but which are not stigmatic 
in character. In Oe. decipiens supplena, with no zygote lethals, the modi- 
fication of the carpellary leaves becomes extreme, so that the styles and 
stigmas are usually replaced by a cluster of thin, plate-like leaves, rarely 
if ever functional as ovaries, though occasionally a structure resembling a 
stigma is seen. The number of supernumerary petals varies greatly in 
decipiens plants of different families, and the causes of this variation have 
not yet been adequately investigated, but it is supposed that other, still 
unidentified, modifying factors will account for most of this variation. 
At one extreme the centers of the flowers are compactly filled with super- 
numerary petals, representing in part the addition of true petals and in 
part a metamorphosis of the stamens, but I have never seen a flower in 
which all the stamens are modified to petals; even in the most completely 
double flowers there seem to be always four functional stamens. At the 
other extreme, there are no extra petals at all, but only a change of the 
carpellary leaves to flat plate-like structures reminiscent of foliage leaves. 

Without reference to the type or degree of development of the supplena 
character, the supplena factor, s,, behaves as a simple Mendelian gene, 
recessive to the factor for the normal type of flower, which has the floral 
formula 44-8+4. 

A consideration of the morphological features produced by the supplena 
factor and the brevistylis factor, separately, gave no ground for the ex- 
pectation of such a structure as the “‘outside-in’”’ flower when the two fac- 
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tors come together as a result of recombination. Since the primary effect 
of the brevistylis factor is merely to shorten the style, and since one of the 
main effects of the supplena factor is also a more or less profound modifica- 
tion and reduction of the style, it was not unreasonable to expect that the 
double recessive brevistylis supplena would perhaps be in most cases 
indistinguishable from ordinary supplena. 

The discovery that factors b, and s, are complementary factors for a 
new morphological structure gives them a unique significance—not be- 
cause the “‘outside-in’”’ flower is a plurigenic character, for such characters 
were recognized by Mendel himself in the flower color of Phaseolus multi- 
florus and geneticists have quite generally recognized for a long time 
that every character is of necessity plurigenic; the “‘outside-in’’ Oenothera 
flower is unique, not because it represents a case of complementary factors, 
for the demonstration of complementary factors was one of the earliest 
extensions of the Mendelian principles to more complicated cases of he- 
redity; it 7s unique because the character produced by these complementary 
factors is structural, and especially because the complementary factors are 
recessives. 

The examples of complementary factors usually cited are dominant 
factors for pigmentation, because it was in the color characters of flowers 
and rodents that complementary factors were first clearly recognized. 
Although complementary factors, as commonly understood, are dominant 
factors, Morgan and his colleagues? have interpreted certain examples of 
plural-factor determination as cases of complementary recessives. ‘These 
interpretations have always seemed to me somewhat strained, but never- 
theless justified in the effort to free genetical terminology from certain 
unjustifiable implications that had grown up under the name of the 
“presence and absence’’ hypothesis. In the ‘‘outside-in’”’ Oenothera flower 
we have a case of plural-factor determination for which the expression 
“complementary recessives’ is obviously natural. I know of no other 
case like it at present. 

1 Read before the General Section of the Botanical Society of America at Nashville, 
December 28, 1927. The experiments on which this paper is based have been supported 
in part by grants from the American Association for the Advancement of Science, the 
Elizabeth Thompson Science Fund, and the BacnE FuND oF THE NATIONAL ACADEMY 


OF SCIENCES. 
2 Morgan, Sturtevant, Muller and Bridges, The Mechanism of Mendelian Heredity. 
Chapter on “Multiple Factors.’”’ Henry Holt & Co., New York, 1915. 
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LINKAGE WITH CROSSING-OVER BETWEEN RUBRICALYX 
BUDS AND OLD-GOLD FLOWER COLOR IN OENOTHERA! 


By GeorcE H. SHULL 
PRINCETON UNIVERSITY, PRINCETON, NEW JERSEY 


Communicated January 5, 1928 


I had but recently published my paper? on the independence of old- 
gold flower color from characters produced by factors included in the 
first linkage group (including the factor for rubricalyx buds, R"), when 
one of my cultures (25244) showed a close association between old-gold 
flower color and rubricalyx buds. For a moment I thought I had at last 
found a case of linkage between two hitherto independent linkage groups, 
which I assumed ought to be expected frequently if the physical basis of 
linkage were the cohesion of non-homologous chromosomes to form circles, 
as supposed by Cleland, Hakansson, Gates, Sheffield and others. When 
I looked into this case of seeming contradiction of the assumed independ- 
ence of rubricalyx bud color and old-gold flower color, however, I found at 
once that the difficulty resolved itself into another instance of the mistaken 
conclusions we sometimes draw or imply when we express hereditary 
relationships in terms of phenotypic characters instead of genetic factors. 
It seems to me worthwhile, therefore, to describe this case here in order 
to help emphasize again the fact which has been so often stressed by lead- 
ing genetical investigators for the past two decades, but which is often 
inadequately taken into account by the tyro, that characters are not the 
resultant of single genetic factors but the combined result of numerous 
genetic factors, and that when we speak of the gene ‘‘for’’ a given character 
we are using figurative language, as also when we adopt as a symbol for a 
given gene the initial letter of a correlative phenotypic characteristic. 

The particular cross which gives occasion for this paper was made 
in 1924 when a plant of my pure strain of Oe. seg. aurata with green 
hypanthia and gold-center flowers was pollenated with pollen from an 
Oe. rubricalyx nanella with old-gold flowers. 

The F; family (24188), grown in 1925, consisted of the expected uniform 
group of 178 tall rubricalyx with old-gold flowers. One of these F; plants 


-was backcrossed to pure tall auwrata and gave rise in 1926 to a family (25244) 


consisting of 78 old-gold rubricalyx, 4 old-gold with green hypanthia, 4 
aurata rubricalyx and 65 aurata with green hypanthia. This strikingly 
typical cross-over ratio attracted immediate attention and steps were 
taken to test a number of the individuals by selfing and backcrossing to the 
double-recessive type. The results are assembled in table 1 and are con- 
sistent in support of the occurrence of strong but partial linkage between 
an old-gold factor and a rubricalyx factor. From the backcrosses between 














148 GENETICS: G. H. SHULL Proc. N. A. S. 


the heterozygotes and the double recessive the totals show 525 rubricalyx 
old-gold; 25 green-hypanthium old-gold; 18 rubricalyx aurata (gold- 
center); 346 green-hypanthium aurata, representing a cross-over ratio of 
4.7 per cent. 

A consideration of these results can leave no doubt of the validity of the 
conclusion that rubricalyx bud color and old-gold flower color show, in 
this material, linkage with crossing-over. What then is the explanation 
of the apparent discrepancy between these results and the previously 
reported evidence for the independent inheritance of these two characters? 
The key is to be found in the fact that old-gold flower color is not a simple, 
monogenic character, but a compound produced by the interaction of two 
factors, a dominant factor, S, the normal allele of the swlfurea factor, s, 
and a recessive factor, 1, which has been called the vefaurea or old-gold 
factor. Since two factor pairs are concerned in the production of old-gold 
flower color, it is clear that there must be two types of crosses which 


TABLE 1 
PLANTS SECURED 
GREEN- GREEN- 
PEDIGREE TYPE OF rubricalyx HYPANTHIUM rubricalyx HYPANTHIUM 
NUMBER cross* OLD-GOLD OLD-GOLD aurata aurata 
26271 A® &X self bse ae sons 92 
26279 A° X self — — 45 19 
26287 A° X self — — 19 4 
26272 V® &X self — 29 — — 
26274 V° &X self 71 2 — 3 
26280 At x A® — — 35 43 
26288 Pe — — 57 61 
26273 ve x A® — 11 — 10 
25244 te ee 78 4 4 65 
26275 "xe 38 2 3 18 
26276 ree 43 3 5 45 
26277 ae ew 69 1 2 37 
26278 gd eg 70 — — 39 
26285 yo at 85 1 — 48 
26286 ae Oo 86 10 1 46 
26289 y° x a* 56 4 3 48 
Totals of last eight 525 25 18 346 
*4® = qurata with green hypanthia. 
A° = aurata rubricalyx. 


V® = old-gold with green hypanthia. 
V° = old-gold rubricalyx. 


can give rise to old-gold segregates: In the first of these, SSVv X self or 
the corresponding backcross SSVv X SSvv, the old-gold flower-color 
plays the réle of a recessive to the dominant wild-type yellow, while in 
the second type of cross Ssvv X self or Ssvv X ssvv, the old-gold plays the 
réle of dominant to the recessive gold-center. It will be noted that in the 
former type of cross it is the segregations of the Vv factors which determine 
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the flower colors in the resulting progenies, while in the second type of 
cross it is the Ss factors whose segregations determine the flower colors of 
the families produced. The Ss factors are in linkage group I in which 
the rubricalyx factor is also included, while the Vv factors are in linkage- 
group III. It is clear, therefore, that independence between old-gold and 
rubricalyx can be observed whenever the Vv factors alone are segregating 
and the SS factors remain constant; whereas, a close linkage may be 
observed between old-gold and rubricalyx, or other first-chromosome fac- 
tors, when it is the Ss pair that is segregating and the vv factors remain 
constant. 


1 Read before the Joint Genetics Sections of the Botanical Society of America and the 
American Society of Zodlogists, at Nashville, December 29, 1927. The experiments on 
which this paper is based have been supported in part by grants from the American 
Association for the Advancement of Science, the Elizabeth Thompson Science Fund and 
the BacnE Funp oF THE NATIONAL ACADEMY OF SCIENCES. 

2 Shull, G. H., “ ‘Old-Gold’ Flower Color, the Second Case of Independent Inheri- 
tance in Oenothera,” Genetics, 11, 201-234 (1926). 


A NEW PROOF OF THE LEFSCHETZ FORMULA ON INVARIANT 
POINTS 


By H. Hopr 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated January 9, 1928 


1. The sum of the indices of the fixed points of a given transformation, 
which, since Brouwer’s! first proofs of fixed point theorems, was the 
subject of many special investigations, has been completely determined 
for arbitrary transformations of arbitrary manifolds by Lefschetz.? His 
theory includes the fixed point formula as a special case of more general 
theorems on coincidences and multiply valued transformations, and he 
also makes the remark that it is possible to apply the same methods to 
certain transformations of an arbitrary complex.® 

In the following there will be sketched a new proof of the fixed point 
formula. ‘This proof holds for all complexes, under the assumption that 
the transformation is one-valued; the question whether it holds also for 
multiply-valued transformations will not be treated here. A paper with 
all details will be published in the Mathematische Zeitschrift. 

2. The Lefschetz formula.—Let f be a one-valued continuous trans- 
formation of an ”-complex C” into itself and viv...» 7p’ a fundamental 
set of i-cycleson C”. ‘Then there exists a system of homologies 
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: ae 
foi) ~ % ajuk +o! G = 12... 24, (1) 
; a 
where v’ is a zero-divisor. One sees without difficulty‘ that the trace }) aj; 
j=1 


of this substitution does not depend on the choice of the set yj, but is a 
constant of f, to be called S‘f. Thus to the given transformation f there 
belong + 1 constants S°f,S'f,..., S"f. Now the fixed points formula 
proved by Lefschetz for the case where C” is a manifold® says that, if 
£1,f,..., &, are the invariant points of f and 71, 7,..., 7m their indices, then 

™m n x 

ua je = ( —1)". 2X | —1)'Sf. (2) 

= is 

3. <A generalization of the Euler-Poincaré formula.—In order to prove 

(2) we first consider an ‘‘elementary transformation”’*® ¢ of C” into itself, 
which transforms the vertices of a subdivision Cj of C” into the vertices 
of C". By ¢ each i-simplex T} of Cj] is transformed into an i-simplex 
¢(Ti) of C", which may also degenerate to less than i dimensions. How- 
ever, because each i-simplex of C” is decomposed into i-simplices of Cj, 
we have a system of equations 


a 


AT) = D&T G = 1,2, ...,¢°), (3) 


where a’ is the number of i-simplices of Ct and where the cj, are equal to 
+1lorto0. 

We say that between the traces of these square matrices || Ce || and the 
constants S‘g there holds the following relation: 


L(-1% Vig = d (-1'S¢. (4) 

i=0 j=l ‘=0 
When ¢ is the identity, then the matrix || Cn || in (3) as well as the matrix 
|| jp || in (1) is the matrix unity. Therefore, in this case (4) is reduced to 
the Euler-Poincaré formula’ 

Bt -0e = 2. -0Y¥- (4*) 

(4) can be proved by induction. It is obviously correct for » = 0. As- 
sume it proved for any (n—1)-complex. ‘Then it holds for the elementary 
transformation g' of the complex C"—', formed by the (” — 1)-simplices 
of C”, where ¢! is identical with._g on C"~'. So we have 


n—1 ai , n—1 Mee 
XU (- Xa =D (-D'S et. (4-1) 
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But we have also 


So! = So (i = 0,1, ..., n—2) (5a) 
Sol = S* 1p — Sot Y ch, (5b) 
j=l 


of which (5a) are self-evident, while (50) may be proved without great 
trouble. Replacing S’y! in (4,-1) by the aid of (5a), (5b) formula (4) 
follows. 

4. The fixed point formula for transformations without fixed points.— 
Let now f be any one-valued continuous transformation of C” into it- 
self, which possesses no fixed point, and yg an elementary transformation of 
C” which approximates f sufficiently closely. Then 


Sio=Sf G =0,1,...,n) (6) 
&=0 (¢=0,1,...,9; jf = 1,2, ...,@); (7) 


from these equations together with (4) there follows 


n 


> (-1)'Sf = 0. (8) 


i=0 
This is the Lefschetz formula for an f without fixed points. 

5. <A modification of a transformation in the neighborhood of its fixed 
points.—If f has invariant points, then we shall confine ourselves to the 
case where the number of these points is finite and where each has an 
Euclidean neighborhood, so that we may assume that it is lying in the 
interior of an n-simplex of C”. Let £ be an invariant point, J” an n-simplex 
containing £, and /” another simplex containing £ which is so small that its 
image f(t”) is also in the interior of 7”.. Then take an (m — 1)-sphere 
H"~' in T" and let to any point x of the bounding sphere r”~? of ¢” corre- 
spond the intersection point x’ of H”~' with the ray through the center of 

> 
H"~', which is parallel to the vector xf(x). The Brouwer ‘“‘degree’’! of this 
representation of the sphere r”~' on the sphere H”~' is, by definition, the 
“index’”’ 7 of &. 

Let us call £ a “normal” invariant point, if there exists a /”, which has 
no point in common with the image f(r"~') of its boundary. Then it 
follows easily from fundamental properties of the degree, that 7 is the 
degree of the representation f(é") in each point of the interior of 2”, i.e., 
that j for each such point is the algebraic number of coverings under a 
simplicial approximation of f(t"). 

It may readily be shown that by slightly modifying f, — is turned into 
a normal fixed point. The modification leaves invariant the number of 
fixed points, their positions and indices, as well as the numbers S‘f. There- 
fore, we may properly assume henceforth that all fixed points are normal. 
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6. Reduction of a transformation with invariant points to a trans- 
formation without invariant points.—By the following construction which 
erplaces each invariant point by an -cycle, transformed into itself, we re- 
duce the proof of (2) to formula (8), proved above. 

Let &1,£2,..., &m_ be the fixed points, 4 (g = 1, 2,..., m) the simplex, 
containing &,, and having the property described in No. 5, which defines the 
“normality” of £,, further r7~* the boundary of #7. Then for each g we 
add to the complex C” a new m-cell #7, which has the same boundary r7~', 
but, except the points of r7~', has no other point in common with C”. 
Thus C” has been enlarged to an -complex C”, on which a fundamental 
set of n-cycles consists of a fundamental set on C” together with m new 
n-spheres 7; = t; + ¢;. The fundamental sets of the other dimensionalities 
have not been changed. 

Let G be the one-one transformation of C*, which is the identity in all 
points not belonging to a 7? and which on each sphere 7; is the reflection 
with respect to the equatorial (n—1)-sphere r7~. Let further f be the 
one-valued and continuous transformation of C* into itself defined in the 
following way: 


f(x) = Gf(x), if x ¢ C” 
f(x) = fG(x), if x ¢ C” 


fhas no invariant point, hence (8) gives here: 
2X, (-D'Sf = 0. (8) 


Now, from the defining property of the ‘normal’ fixed points together 
with the fact that G has the degree — 1 in each point of 7, there follows that 
the share of +7 in the trace S"f is equal to —j,, where j, is the index of &,. 
The share of any i-cycle of C” in S'f is unchanged when we replace f by f. 
Therefore, we have 


Sf=Sf (@=0,1,...,”—-—1) (9) 
S}=S9- Die (10) 

From (8), (9), (10) follows the formula 
Liex (I D vist. (2) 


11. E. I. Brouwer, Mathem. Ann., 71 (1911), pp. 97-115. 

2 S. Lefschetz (a) Trans. Am. Math. Soc., 28 (1926), pp. 1-49; (b) 29 (1927), pp. 429- 
462. 

3S. Lefschetz, Proc. Nat. Acad. Sci., 13 (1927), pp. 621-622. 
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4 See Lefschetz (a), No. 71. 

5 Lefschetz (a), formula 71.1; (6) formulas (10.5), (36.2). The reason for the fact 
that these formulas differ from our formula (2) by the factor (—1)” is an inessential 
difference in the definition of the “‘index.”’ 

6 J. W. Alexander, Trans. Amer. Math. Soc., 28 (1926), pp. 305-306. 

7 See, for instance, Alexander, 1. c., p. 316, formula 10.6. 

8 Alexander, 1. c., pp. 306-307. 


NOTE ON PROJECTIVE COORDINATES 


By H. P. RoBERTSON* 
PRINCETON UNIVERSITY 


Communicated January 7, 1928 


In a recent paper in these PRocEEDINGS O. Veblen! has developed a 
theory of projective tensors which is based on the fact that associated with 
a general analytic transformation and a given point there is a unique 
linear fractional transformation. It is the purpose of this note to derive 
the associated transformation in what would seem a more direct and 
significant way. 

Let the given transformation be, in the neighborhood of the point %o, 
in question, 


i i hea iy (Si hk y od. SES 
x — % = W(x — %) = (Uj)o(% — x) + 5 (min)o (x? —23)(x*—x6) +. (1) 
The associated linear fractional transformation 
i _ ay pot SI se 
=> ——_— =; - ab ot eae (2) 
L i+ bay Gy GORY 
is determined by the two requirements: 


(a) It shall agree with (1) in terms of Ist order. This condition alone 
associates a unique linear transformation with (1). 

(b) Its Jacobian shall agree with that of (1) in terms of 1st order; i.e., 
the ratios of volume magnification shall differ by at most terms of 2nd order. 

From (a) it follows that 


a} = (uj), (3) 
The Jacobian of the original transformation is 
“= | (ui). + (uip)o(x* —xe) + ore | = Uy {1 + (viujn)o(x* — x5) + oe } 


and that of (2) is 
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Up {1—(v3)o[(uj) ob, + (tu',) 0b; ly" + nA } 
uy, {1—(n + 1) y*® + ...} 


where v} is the normalized cofactor of uj in u. The condition (b) then 
yields 


| ai -- (ajb, ai,b;)y* +... | 





1 nies 
bh = — UViUjr)o- C: 
k re 1 ( ‘jk ) 
It is to be noted that the numerator and denominator of (2) are then, 
within 2nd order, 


u' (y) [so] **" and [=o] *** 
- Uo 


0 


respectively, a result which agrees with that obtained by Veblen. 


* NATIONAL RESEARCH FELLOW IN MATHEMATICS. 
10. Veblen, ‘“Projective Tensors and Connections,’ these PROCEEDINGS, 14, 154 
(1928). Prof. Veblen has kindly shown me this paper in manuscript. 


PROJECTIVE TENSORS AND CONNECTIONS 


By OSWALD VEBLEN 
PRINCETON UNIVERSITY 


Communicated December 29, 1927 


1. The following pages contain an introductory account of a system of 
differential invariants the algebraic theory of which is closely analogous 
to that of ordinary affine tensors. The analytic theory is quite distinct 
from classical tensor analysis, though in our exposition we have emphasized 
the points of similarity as much as possible. The projective tensors and 
connections seem to be exactly the tools required for a symmetrical theory 
of the projective geometry of paths. This will be evident on comparing 
our formulas with those of H. Weyl,! T. Y. Thomas and J. M. Thomas 
in the articles cited below. They would also seem to be suitable for the 
analytic development of the closely related theory of manifolds with 
projective connection of E. Cartan;? and they figure in a generalization 
of the quadratic differential form, which has some physical applications. 

In this note we limit ourselves to the point of view of invariant theory 
and leave all applications for future discussion. The definitions which we 
assume known and the general invariant-theoretic background will be found 
in a recent Cambridge Tract.* It is clear that analogous systems of 
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invariants can be developed for conformal geometry and other geometries 
which have a group-theoretic background. 
The ordinary theory of tensors depends on the fact that with any trans- 
formation of coérdinates at a point %o, 
a ee ee Wg ey ox! ae 
x — % = g(t —%,) = (=) ex +3(SRS) @-2 
(g* — #) +... (1.1) 


there is associated a linear transformation 


*—-% = (5) (#” — #2) (1.2) 
obtained by suppressing all but the first order terms in the expansion (1.1). 
In these expressions the subscript o after a parenthesis indicates evaluation 
of the expression inside the parentheses for = Z,. 

It is also possible to associate a linear fractional transformation with 
(1.1) in a unique way at the point x,. Let us denote the functional de- 
terminant of (1.1) by 


du 


xe” (1.3) 


°o 


and also let u, = 











Ox 
“u=|— 
Oz 
and form the expansions 


ee ea een ae ake 
“ = uo + (Wj). (B — €e) + 5 (ujelo (# — Fo)(z ~~ Be)... 


(1.4) 
and 
' u M 4 ; ‘ ; 1 : P , 
g(% — »(“) = ty + (t6j)o (Z’ — £2) + 5 (ujn)o (& — #3) (@* — #8) + 
(1.5) 


in which the coefficients of first and second order terms may be regarded 
as the values at the origin of the following functions, 





: , sae >»  Olog u™ 
uo = 1, uo = 0, OS aa a (1.6) 
and 
iss ae ou” _ 2 log ul , 2 log ull d log ult (1.7) 
Mik = UM dzing* ~  awoa*™ oe! oz* : 
and 


Ox! dx! d log u™ Ox! 0 log i 


aor’ * ae ag 1 de oF oy 


i 
UjR => 





AP RE! IE RIES ER, HIS 


S ieeigian 
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The last two formulas may be combined in 


ous 
xix B 
uj, = aE —_ + ujfu, + ujug — ufupus, (1.9) 


in which we adopt the convention—to be used throughout the rest of this 
paper—that Greek indices assume values on the range 0, 1, 2, ... m and 
Roman indices on the range 1, 2, ..., 7. 

We now observe that (1.1) may be rewritten 


: ; ee y 
(uj)o (@ — Fo) + 5 (uik)o (” — £)(2° — 2) +. 
x — x= + 


us + (u$)o (#7 i #2) a 5 (ui (# wee #4)(z" nag # 





(1.10) 


If we suppress the second and higher order terms in this we obtain a linear 
fractional transformation which is determined uniquely by (1.1) and the 
constant M. It is clear that if we combine the transformation (1.10) 
with a transformation 


# — # = hi(% — i,) (1.11) 
so as to obtain a transformation 
x — xi = ki(% — &,) (1.12) 


and if we let wg and % denote the quantities analogous to ug determined 
by (1.11) and (1.12) respectively, then 


Pp = Upwp. (1.13) 


In other words, the linear fractional transformation associated with the re- 
sultant of two transformations of coérdinates is the resultant of the linear 
fractional transformations determined by the two transformations of 
coérdinates. 

2. The constant M is still undetermined. It may be fixed by the 
requirement that the second order terms of (1.10) shall vanish in case 
(1.1) is itself a linear fractional transformation 


fi(# — £2) 














7-8" Rae @ sic 
In this case, : 
, oe! §-@-oF ff 
"a Gene -ae R 
a -(n oe + ft) 2 (= ) _ _ fifi + fis (2.3) 
orot® fo + fi(# — #) ovoz" (fo)? 
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Also, by the formula for differentiating a determinant, 











Mo*x' dz 2 
4 Soe oe ~ RHE 2D pea 
and 
Ou; —s M(n +I) fifi 1 aa 
at” +e - 2 Mat OP) 
Hence if, and only if, . 
Mek aoe (2.6) 
n+1 
will 
(uk)o = q and ug = 0 (2.7) 


and all the higher order terms of (1.10) vanish, so that (1.10) reduces to 
the transformation (2.1) itself. 

In the sequel we shall restrict attention to the case in which M = 
—1/(n + 1) and use the quantities ug and u$, on that assumption. 

3. Let us denote the quantities analogous to ug which are associated 
with the inverse of (1.1) by vg. Then by (1.13) 


us Vg = bg (3.1) 
in which 6 is the Kronecker delta. 
By definition 
1 
ae i. | nee eee 
ten 5 y= mS gta =. (3.2) 


An ordinary relative tensor of weight N is defined as an invariant whose 
components in two coérdinate systems x and Z are related by the law of 
transformation 

Tyoof, = uN Tess uy agua: 0h. (3.3) 

Since the law of transformation (3.3) is transitive a set of components 
can be assigned arbitrarily in one codrdinate system and a unique set of 
components will be determined in any other codrdinate system. ‘This 
transitive property of the law of transformation (3.3) remains unaltered 
if we change the Roman indices to Greek ones and thereby introduce the 
quantities u3, etc., and extend all the summations from 0 to ». Hence 
there exists a class of invariants whose components in any two coérdinate 
systems are related by a law of transformation of the type (3.3) in which, 
however, the indices range from 0 to instead of from 1 to”. We shall 
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call these invariants relative projective tensors* because of their obvious con- 
nection with projective geometry. Any projective tensor with k indices 
has (n + 1)* components in any coérdinate system. For example, we 
have covariant projective vectors of weight N with the law of transforma- 
tion 

A, = u%A,uZ, (3.4) 


contravariant projective vectors of weight N with law of transformation 
At = uA, (3.5) 


covariant projective tensors of weight N and degree 2 with law of trans- 
formation 
Aas = uXA,,ucus, (3.6) 


and so on. The algebraic part of the theory of these tensors is clearly 
identical with that of ordinary tensors or, as we shall call them, affine 
tensors. 

In the case of covariant projective tensors, a tensor of degree one lower 
is obtained by setting one of the indices equal to zero. For example, if 
Agg is a covariant projective tensor, A,, is a covariant vector of the 
same weight, or if A, is a covariant projective vector A, isascalar. For 


A, = Awit = A, 


As an illustration,’ consider the quantities obtained by contracting an 
affine connection. ‘The law of transformation is 


Ti; = Tus — (n + 1)u?. 
Hence if we set 
ri; = 1; and — (n+ 1) = T, 
we have 
7. = Tuc. 


The components of a contravariant projective tensor for which the 
indices are not zero are the components of an affine tensor. For example, 
in case of a projective vector, 


A* = A’ue = A’ut + A°us 
and hence ; 
A’ = A’w’. 


It does not follow, however, that because a subset of the components of a 
projective tensor constitutes an affine tensor, the theory of this projective 
tensor reduces to that of the affine tensor. For the components which re- 
main after removing the components of the affine tensor have a law of trans- 
formation which involves the totality of components of the projective 
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tensor. This is well illustrated by the projective curvature tensor consid- 
ered at the end of §8. . 
4. A relative scalar is an invariant with the law of transformation, 





A = wa. (4.1) 
On differentiating this, we find 
oA Nv (24 o log u ) 
Se NE ‘ J . d am 
ap * Ge Ge tie 
OA , 
= 4% (24 u; — N(n + 1)u$ 4) 
= uN“ A,ue 
if we set ‘ 
0A 
A; = — and A, = —N(n + 1) A. (4.3) 


ox’ 


The equations (4.1) and (4.2) combine into the law of transformation 
(3.4) of a covariant projective vector. The vector thus determined by a 
relative scalar may be called the projective gradient of the scalar. An 
idea of its geometric significance may be gained by observing that if x 
is any point for which the condition 
A, =0 

is not satisfied, either the hypersurface A = 0 does not pass through x 
or at least one of the derivatives A; is different from zero; that is to say, 
if the point x is on the locus A = 0 it is not a singular point. 

5. By analogy with the ordinary theory of tensors, the next step should 
be to develop a method, analogous to covariant differentiation, of building 
tensors by combining the derivatives of the components of given tensors 
with the components of some invariant analogous to an affine connection. 
An affine connection determines a family of coérdinate systems in which 
the covariant derivatives reduce to ordinary derivatives at the origin. 
The totality of these codrdinate systems is an invariant of the affine con- 
nection. 

In order to reproduce this situation for the projective tensors we shall 
attempt to associate with every coérdinate system x and point x, a co- 
ordinate system y related in an invariant manner to the x-system by a 
transformation 

x mab +5 ate (o! — x3)\(x* — oF) +... 
i= : (5.1) 
1+ 5 ae (x3 — xf)\(x*¥ — x) +... 





in which the coefficients have the same significance as in (1.10). 
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Our problem is to give a rule for determining the coefficients aj, so 
as to fix the family of codrdinate systems y in some invariant manner. 
One solution of this problem will appear as soon as we study the law of 
transformation of the quantities uj. It is convenient to extend the 
formula (1.9) so as to read 


ug 
Wpy = 54 b+ guy + uyug — ugusos (5.2) 
so that in addition to (1.9) we have the convention that 
Uso = Uop = Up. 
Correspondingly we will agree that 
Ago = Ag = 5g. 


Differentiating (1.13) we find 





Opp _ Ou, « OWS 
aa) ~ ag Wi + He 5 
Hence 
Ope Out ; 2 CWB .; 
Sai Oe = sof wm + ws —F at. (5.3) 
Combining this with 
Pah, = ucu,wew, 
Pipe = ubutwiw 
Pepys = ugurdcwew’, 
we find 
ows 
Phy = Ue whys, + us —> 8} (5.4) 


’ Or j 

The transformation from y to ¢ which is the resultant of (1.1) and (5.1) 
may be written in the form (1.10), by means of (5.4) and (1.13), as fol- 
lows 

1 ut 
(ui). @ — 28) + 3(obujua + 2M) ee — abet ah +... 


y = 





1 ne ae es 
1 + (uj). (# — £0) + 5 (0c, + ou) (2! — 22)(2" — #) +. 
and if we substitute the last equation in 
53 a _ Q)0 y” 
1+ 7)» 


we get a transformation from Z to 7 of the same form as (5.1) but with the 
coefficients a}, replaced by coefficients 44, defined by the formula 


(5.5) 
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=a a0. TF a ous j 

Gg, = af, (vpugu,)o + (: aud) e. (5.6) 
Hence the coérdinates y defined by (5.1) undergo the linear fractional 
transformation (5.5) whenever the coérdinates x undergo an arbitrary 
transformation (1.1) provided that the coefficients ag, are required to 
undergo the transformation (5.6). 

The coefficients ag, must be such that the denominator of (5.1) shall 
be the expansion of the functional determinant of the transformation. 
In order to impose this condition we use the relation 

1 Ouj 
° k 
j= — ——5 5.7 
is n+1d#° 6.7) 
which comes from the formula for differentiating a determinant and re- 
duces by means of (1.9) to 





viui; = 0, (5.8) 
and also the relation 





Un = UZ uy — (5.9) 


pe ( Oe ny Oe a) 
n+1 \o@or * § oz’ a7 
obtained by differentiating (5.7) and substituting in (1.9). The condition 
(5.8) requires that in (5.1) we must have 


ai, = 0. (5.10) 
Let us assign the numbers aj, arbitrarily except for this condition and the 
symmetry condition 


aig = aby. (5.11) 
It then follows that 
oy 


le) - 
Ox) |dxl/, 


which corresponds to the fact that first order terms are missing in the de- 
nominator of (5.1). Let us now assign a% arbitrarily except for the sym- 
metry condition. In order that the denominator of (5.1) shall agree up 
to second order terms with the expansion of the functional determinant 
it is only necessary (by 5.9) that 











ae 1 ( 0% ) +b ded 
a n+l etre, ati’ 
and this condition can be satisfied by properly choosing the third de- 
rivatives of y with respect to x at the point x,. 
Hence, if Ig, are arbitrary functions of the codrdinates x subject only 


to the conditions 
fy = Ye (5.12) 
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Igo = 63 (5.13) 
Ii; = 0 (5.14) 


then a set of coefficients ag, and a family of transformations (5.1) of the 
required sort is determined for every point x, by the equations 
ag, = (U$,)o- (5.15) 

If functions Ig, are defined in any other codrdinate system Z by the law of 
transformation 

a 

Ilg, = 11, Up Ugly + Up dz 
then the coefficients ag, will be subject to the law of transformation (5.6) 
and the codrdinates y will undergo the linear fractional transformation 
(5.5) whenever the coérdinates x undergo the arbitrary transformation 
(1.10). 

The codrdinates y thus determined are called first order projective co- 
ordinates. Higher order projective coédrdinates’ may be determined 
by imposing further conditions on the expansion (5.1). 

6. A direct substitution using (5.3) shows that the law of transforma- 
tion (5.16) is transitive whether the conditions (5.12), (5.13), (5.14) 
are satisfied or not. Hence, if an arbitrary set of functions IIg, are as- 
signed in one codrdinate system x, a unique set of functions II, is defined 
in any other coérdinate system 7 and the functions in any two coérdinate 
systems are related by the law of transformation (5.16). Any invariant 
having this law of transformation will be called a projective connection. 

If we differentiate the law of transformation (3.4) of a projective co- 
variant vector we find 


oA. OA, .; Our, -, .¢ 0 log u 
ae uN (24 usu; +.A, —, + NA,us v7 ) (6.1) 


oz 
From (5.16) we obtain 


- Ou’, 
A N x a 
Ali; = vw A,u, (me e3u2u; + 5x)" 


53 (5.16) 











Subtracting this from (6.1) we find 








- A : 
— <2 ATI; aes uN (24 —A .r,) ucu;—(N (n _ 1) A,+ AMM )ua§). 


Hence, if we let 


0A. 


A mn aoe 
ee ox’ 


— AI; and Az, = —N(n+1)A,—A,M, (6.2) 


we have 


Aug = uA, ,urus. 
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The tensor A, is called the projective derivative of A, with respect to 
the projective connection II. 

In a precisely similar manner we can prove that any projective tensor 
and any projective connection II have a simultaneous invariant which is a 
projective tensor given by the formula which is the direct formal gen- 
eralization of that for covariant differentiation. We call this projective 
tensor the projective derivative of the original tensor. For a covariant 
projective tensor of the second degree the projective derivative is given by 


OA as 


A. [= oe A Ir, mt Ag 11}; 6.3 
pi = Si rs alls (6.3) 
and 

Aaso = —N(n + 1)Ags — Aygllao — Aarllgo- (6.4) 

For a contravariant tensor the projective derivative is given by 

a oA* Ay7@ a T a Ay7@ 
AG = me 3 + A’; and AG = —N(n + 1)A*+ ATX, (6.5) 

2 


and so on. 

7. The analogue of the curvature tensor is easily formed. We work 
it out for the case in which (5.12) is satisfied. But the extension to the 
unsymmetrical case presents no difficulty. Formula (6.2) may be written 














ae 
Aas = oe, 6% — A, Ihe — N(n + 1)A,83 (7.1) 
and from (6.3) and (6.4) we obtain 
OA, o o T oO 
Aap, = eg 6* — A, 113, — Ag oll, — N(n + 1)Aag82. (7.2) 
Hence 
Olly, Ni ~ m 
Aas,y we Aay,p = —A), (= Oe 2a , 9 56 + Ty ap ~~ mn, 
(7.3) 
Since the vector A, is arbitrary it follows that 
om yee ‘ a 
B,, = af oF — <— 84 + IP I%, — UsI%, (7.4) 


is a tensor which we may call the projective curvature tensor. ‘Two other 
tensors may be formed from it by contraction, namely 














are. ii 
Sap = Bap = a 55 — 7 64 (7.5) 
and 
— . we; 
Rap = 7 8x — =F 54 + IRs — MsM%a. (7.6) 
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8. The term projective connection may also be applied to an invariant 
of more general type with the law of transformation 
ne Mire ..@,,¢,,7 \..0 ous j 
Tp, = uw (Té,0rugu, + (ATS, + BY%,)v9 si 5) (8.1) 
A and B being scalars. For this law of transformation is transitive. A 
projective connection of this type is determined by assigning an arbitrary 
set of functions Ig, as its components in a particular codrdinate system. 
The set of quantities 
ATS. + BTS, (8.2) 


are the components of a mixed projective tensor of weight M, and there 
exists a projective tensor A% of weight —M such that 


AS(AT%, + BY %) = 89. 
It follows that 
ACT's, = Ap, 


are the components of a projective connection whose law of transformation 
is (5.16). In case the components of this connection are not symmetric 
in the subscripts they can be represented as the sums of the components of 
an alternating projective tensor 


1 a a 
2 (Apy nv Aya) 
and a symmetric projective connection 
1 a a a 
5 (Mey + Are) = Tp, 


Hence the invariant theory of a general projective connection of type 
(8.1) can be reduced to that of two projective tensors and a symmetric 
projective connection with the law of transformation (5.16). 

If the projective connection II satisfies the condition 


Igo = 58 
the law of transformation (5.16) includes the following two formulas 


Tix = Ti .viu ous ~ vi, (8.3) 
and 
Tf, = Wjujug + ud + vpuillh. (8.4) 


It follows from (8.3) and (5.8) that 


rt — Triad 
liz = TT. 





as 
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In other words, IIj; is an affine vector. Hence 
i sj 
Ij; 5g 
is a projective vector and 


a a 1 i sj sa t sjsa 
nein sae? €: (TNjj605 + 11);6755) 


is a projective connection such that 
My = 0. 
Now let us consider a projective connection II which satisfies all the con- 


ditions imposed on projective connections in §5. If we expand (7.6) using 
these conditions, we find 





~ Row = Rao = 0 (8.5) 
and ; 
om 
Ru = Se — Wm, + (n — 1)%. (8.6) 


On account of the condition (8.5) the law of transformation of the projec- 
tive tensor R,greducesto  8—__ 

Riz = Rayujur 

Hence, Rj, is an affine tensor. Combining the last equation with (8.4) 


we see that the quantities 


1 
1, — ——~ Ry 





have the same law of transformation as IIj,. Hence the projective con- 
nection II uniquely determines a projective connection 


85 


Ag, = Ig, — A Rey (8.7) 


which is such that its tensor R,, is identically zero, and, therefore, such that 





The law of transformation (8.3) is the law of transformation of the 
components of projective connection as defined by T. Y. Thomas’ and Aj, 
when multiplied by —(n—1) are the quantities he denotes by 8%, and 
combines with the components of projective connection to give an affine 
connection in a space of m + 1 dimensions. The projective curvature 
tensor when formed from the projective connection A is such that 
Broo se Boe 5: Brey = 0 
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y= 
ox! ox* 





+ AiAS — AbpAS + SAR — 5,9 


and 
Oo Oo 
ikt = ro, + Aaj, — AoeAj 
jr. ox! ox* aie"j arR**}i 


Hence Bi, are the components of the Weyl projective tensor and B%, are 
the negatives of the components of the projective covariant.® 


1H. Weyl, Géttinger Nachrichten, 1921, p. 99. 

2 E. Cartan, Bull. Soc. Math. France, 52 (1924), p. 205. The relation of our system 
of invariants to the problem of projectively connected manifolds in Cartan’s sense may 
be seen by comparing our formulas with those given by J. A. Schouten, Palermo Rendi- 
conti, 50 (1926), p.142. Further references will also be found in this paper. 

3 O. Veblen, “Invariants of Quadratic Differential Forms,’’ Cambridge Tract No. 24. 

4 If we had chosen M = 1 instead of M = —1/(n + 1) these would have been the 
same as the projective tensors defined by T. Y. Thomas, Math. Zeitschrift, 25 (1926), 
p. 723. 

5 Cf. O. Veblen and J. M. Thomas, Annals Math., 27 (1926), p. 279, particularly 
§12. 

6 Compare the projective normal coérdinates defined by O. Veblen and J. M. Thomas, 
these PRocEEDINGS, 11 (1925), p. 204. 

7 T. Y. Thomas, these PROCEEDINGS, 11 (1925), p. 199. 

8 Compare §6 of the paper referred to in Note 5 above. 








THE MOLECULAR STRUCTURES OF METHANE 


By JARED KIRTLAND MORSE 
RYERSON PuysIcAL LABORATORY, UNIVERSITY OF CHICAGO 
Communicated January 7, 1928 


If the two opposite corners of the upper face of a cube and the two oppo- 
site corners of its lower face which lie in a plane at right angles to the 
vertical plane containing the two upper corners, are connected by straight 
lines a regular tetrahedron can be formed. ‘This simple geometrical re- 
lation between the cube and the regular tetrahedron, together with the 
fact that a cube has eight corners, makes the cube a convenient figure for the 
representation of a carbon atom in combination with other atoms. For 
the center of the cube can be taken to represent the carbon nucleus (the 
two inner electrons can be neglected for purposes of molecular structure) 
and the eight corners the ‘‘electron positions.”” These so-called “electron 
positions’’ can be considered either as the points at the ends of the maxi- 
mum value of the radius vector of the orbits of the electrons in a dynamic 
atom, or if a static atom is preferred, as the actual positions of the valency 

electrons. Four of these eight valency’ electrons represent the four L, 
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electrons of the carbon atom itself and the other four come from the 
atoms joined to the carbon atom. While spectroscopic evidence indicates 
that two of the L, electrons in carbon have slightly different energies from 
the other two and consequently their “electron positions” are at different 
distances from the carbon nucleus these energy differences are so slight 
that from the point of view of molecular structure this phenomenon may 
be considered as a second order effect and may be neglected. If this 
is conceded, the radius (R) of this atom can then be defined as one-half of 
the body diagonal of the cube and represents the distance from the carbon 
nucleus to any one of the valency ‘‘electron positions.”’ 

Given such a model representing the carbon atom in combination, the 
first thing to determine is the value of (R) in absolute units. It has been 
shown! that these cubic models or carbon atoms can be piled together to 
form the type of lattice determined from the X-ray analysis of diamond and 
that a simple geometrical relation connects (R) and the observed lattice 
constant ad. ‘The value of (R) computed in this way is found to be equal 
to 0.77 X 10-* cm. Similarly the lattice structure found by Bernal? 
for graphite can be built up of these cubes and the values of (R) computed 
from his data has been found! to be equal to 0.75 X 10-*cm. Moreover, 
the union between the carbon atoms in both these structures consists of 
a single “electron position” lying between adjacent carbon atoms. In 
diamond this “electron position” lies on the straight line joining the carbon 
nuclei. In graphite this ‘electron position” is displaced somewhat from 
this straight line. 

In addition to this work on the structure of diamond and graphite, 
these ideas have also been applied in the construction of a scale model of 
the ethane molecule® and these molecular models of ethane have been as- 
sembled together to form a lattice structure‘ from which the geometrical 
relations between (R) and the lattice constants of the ethane lattice have 
been determined. Using a value of 0.77 A for (R) the values of the lattice 
constants in absolute units and the positions of all the elements of the 
lattice have been computed and from these results the plane spacings and 
the structure factors for the various planes of the lattice have been cal- 
culated. The plane spacings obtained in this way agree quantitatively 
within the limit of experimental error with the X-ray measurements on 
solid ethane observed by Mark and Pohland.° 

In ethane the two carbon atoms are joined by a “two-electron” bond 
(edge of the carbon cube) and the distance between their nuclei is 1.26 A. 
The hydrogen nuclei are united to their respective carbon atoms by a 
“single-electron” bond and the distance C—H is 1.54 A or 2R. This 
type of union introduces the idea of ‘‘hydrogen positions.’’ As there are 
more of these possible “hydrogen positions’ than there are hydrogen 
nuclei available in ethane: to fill them, the question arises as to which po- 
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Sitions to select. In solid ethane, the three hydrogen nuclei belonging 
to one carbon atom form an equilateral triangle in one plane and the 
three belonging to the other carbon atom form another similar triangle 
ina parallel plane. In ethane gas, however, it is possible that the hydrogen 
nuclei may be displaced from one ‘‘hydrogen position’’ to an adjacent one 
by means of molecular collisions. Owing to the possibility of such dis- 
placements a certain finite number of different structures for ethane can 
be differentiated which may be called ‘dynamic isomers” of ethane. 
When once the structure of a molecule is determined the number and 
configuration of all these “dynamic isomers’’ can easily be determined. 
In general, the moments of inertia of these “dynamic isomers’’ about their 
principal axes will differ one with another and these different moments of 
inertia should be observable in the spacings of the infra-red absorption 
spectra of the different bands. A preliminary account of measurements 
of the infra-red absorption bands of ethane has been published by Meyer 
and Levin® but no complete analysis of these bands has yet appeared. 

The infra-red absorption spectra of methane, however, has been meas- 
ured and analyzed by Cooley’ and a mathematical discussion of methane 
has been published by Dennison*® on the basis of a symmetrical molecule. 
More recently Guillemin® has interpreted Cooley’s results and has ar- 
rived at a pyramidal structure for methane which has been discussed by 
Weissenberg.!° The experiments of Cabannes and Gauzit'! on the 
scattering of light by methane indicates a certain amount of anisotropy 
in methane gas and Henri! has interpreted these results in favor of the 
pyramidal structure. 

In this paper two-type structures at scale are presented for the methane 
molecule, one in which the hydrogen positions are joined to the carbon 
atom by a “‘single-electron’”’ bond and the other in which this linkage is 
composed of two “electron positions.”” Dynamic isomers of both types are 
described, their moments of inertia calculated and compared with Cooley’s 
observations and all three observed moments of inertia are quantitatively 
accounted for as well as the anisotropy observed by Cabannes. 

Coérdinates of the Methane Molecule in Terms of R, the Radius of the 
Carbon Atom. Type I. Methane Molecule with Single-Electron Bonds.— 
Figure 1 shows a drawing of this type of molecule. The carbon nucleus 
shown by a large cross-hatched circle is at 0,0,0. ‘The hydrogen positions 
shown by large white circles numbered from one to eight are at the follow- 
ing positions: 


(1) +2/3/3, —2/3/3, +2V3/3 (2) +273/8, +2/3/8, +2/3/3 
(3) +2/3/3, +273/3, —2V/3/3 (4) +273/3, —2V3/3, —2/3/3 
(5) —2/3/3, —2x/3/3, +2/3/3 (6) —2/3/3, +2V73/3, +2V73/3 
(7) —2x/3/8, +2/3/8, —2/3/3 (8) —2/3/3, —2V/3/3, —2/3/8 
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The electron positions shown by small black circles have codrdinates one 
half, respectively, of the codrdinates of the hydrogen positions. 

TypeII. Methane Molecule with Two-Electron Bonds.—Figure 2 shows a 
diagram of this type of molecule. The carbon nucleus and the electron 
positions have the same codrdinates as in type I. The hydrogen po- 
sitions have the following coérdinates. 






































5 
Z 
bs 
FIGURE 1 FIGURE 2 
(1) ++3/2, —V6/2, 0 (2) +4+/3/2, 0, +/6/2 


It will be noted that in both these types of molecules there are eight 
possible hydrogen positions and only four hydrogen nuclei are available 
in methane to fill them. Some of the structures of these dynamic isomers 
will next be considered. 

Type I. Symmetrical Methane.—Hydrogen nuclei at positions (1), 
(3), (6) and (8). Moment of inertia J about the A-A axis is given by 


I = 32R*m/3 = 10.50 X 10-4 gm. cm.? (calculated) (1) 
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where R is taken as 0.77 X 10~* cm. on account of the character of the 
single electron bond, and m the mass of the hydrogen atom. is taken as 
1.66 X 10-*4 gm. This calculated value agrees with the value 10.2 X 
10—*° gm. cm.? observed by Cooley’ for the band at 7.7y. 

TypeI. Pyramidal Methane.—Hydrogen nuclei at (1), (2), (5) and (6). 
The moment of inertia about an axis through the carbon nucleus and the 
center of the square formed by the four hydrogen nuclei is the same as that 
given in equation (1). Hence, the band spectra measurements cannot 
differentiate between these two dynamic isomers. It may be noted that 
this is the molecular configuration discussed by Guillemin® and referred to 
by Henri,'? but its absolute dimensions are different from those arrived at 
by them. 

Type II. Symmetrical Methane-—Hydrogen nuclei at the positions (1), 
(3), (6) and (8). Moments of inertia about the axis A-A is given by 


I = 6R*m = 5.60 X 10-* gm. cm.? (calculated) (2) 


where RF is taken as 0.75 X 10~* cm. as in graphite on account of the 
character of the “‘two-electron’’ bond. Cooley’ obtained a value of 5.66 
X 10~*° gm. cm.” from his measurements of the absorption band at 3.31. 

TypelI. Unsymmetrical Methane.—Hydrogen nuclei at the positions (1), 
(3), (4) and (6). Moment of inertia about the A-A axis 


I = 4R*%m = 3.73 X 10-* gm. cm.? (calculated) (3) 


where RF is taken as 0.75 X 10-* cm. as above. The moment of inertia 
observed by Cooley’ for the band at 3.5y is 3.61 X 10-* gm. cm.? It 
will be noted that this dynamic isomer can be formed from the symmetrical 
isomer by the displacement of a hydrogen nucleus from one hydrogen 
position to the hydrogen position next adjacent to it. This displacement 
can take place in twelve different ways each of which lead to this structure. 
The presence of this unsymmetrical dynamic isomer in the gas accounts for 
the anisotropy observed by Cabannes and Gauzit.'! 

Type II. Pyramidal Methane—Hydrogen nuclei at the positions 
(1), (2), (5) and (6). The moment of inertia about the axis through 
the carbon atom and the center of the square formed by the four hydrogen 
nuclei is the same as that given in equation (2), hence the existence of these 
two dynamic isomers cannot be differentiated by measurements on band 
spectra. 

The agreement between the observed and calculated moments of inertia 
is remarkable, when the extrapolation of the values of R determined by 
X-ray measurements on diamond and graphite to the molecular structure 
of gaseous methane is taken into account, and when it is remembered 
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that no attempt has been made to consider the effect of electrostatic 
distortions of the charged particles produced by the asymmetry of their 
positions. In addition to the intrinsic interest of the structures herewith 
presented, by means of which the investigations of molecular structure 
by means of X-rays are quantitatively related to the researches in the field 
of band spectra, these molecular configurations form a convenient point 
of departure for three further types of investigation on methane. (1) 
The analysis of the infra-red absorption bands of methane at higher and 
lower temperatures than those used by Cooley’ to detect if possible the 
existence of other types of dynamic isomers. (2) The crystal structure of 
solid methane by means of X-ray analysis. (3) An investigation of the 
equilibrium positions of these structures with special reference to the 
lengths of the two types of C—H bonds herewith presented. It will be 
recalled that in the single-electron bond this is equal to 2R, and an in- 
spection of the coérdinates shows that the two-electron bond is very close 
to 3R/2. If these two lengths can be deduced from considerations of 
electrostatic equilibrium it would be a fundamental contribution to our 
knowledge of molecular structure. 

In conclusion I take great pleasure in expressing my thanks to Professor 
H. G. Gale for his interest in this work. 
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ADDITIONAL LINES IN THE K SERIES OF MOLYBDENUM AND 
THE NATURAL BREADTH OF SPECTRAL LINES 


By BERGEN DAVIS AND HARRIS PURKS 
New Puysics LABORATORY, COLUMBIA UNIVERSITY 


Communicated December 20, 1927 


We have recently greatly improved the resolving power of the double 
X-ray spectrometer by turning crystal B so as to increase the angular 
reflection.! The first crystal A when set for a spectral line gives a parallel 
beam of strictly homogeneous rays. It acts as a collimator precisely as 
the collimating lens in the case of the light spectrometer. The second 
crystal B is then an analyser. 

The degree of analysis depends on the perfection of the crystals. By 
means of this arrangement of the double X-ray spectrometer with the 
two crystals set for first order reflection, 
we were able to obtain a considerable 
separation of the Mo K # doublet. At 
the same time Ehrenberg and Mark? 
and Ehrenberg and Susich* had em- 
ployed a similar arrangement of the 
double X-ray spectrometer for the pur- 
pose of measuring the natural breadth 
of spectral lines. 

In the course of their experiments 
Ehrenberg and Susich also obtained a 
partial separation of the Mo K 8 
doublet. The separation obtained, how- 
Fd ever, was not so complete as that 

A- fe H if peater obtained by ourselves. Our better reso- 

* lution is perhaps due to the fact that we 
B = Anal yse rr: limited the vertical height of the slits. 
In the case of the double spectrometer 
with crystals arranged as in (a), figure 
1, the sharpness of rocking curve is independent of the horizontal width 
of slits. The sharpness, however, is greatly affected by the vertical height 
of the slits. With the two crystals arranged in parallel as (0), figure 1, 
the sharpness of rocking curve is independent of both the vertical height 
and the horizontal width of slits. These facts are evident from the 
geometry of the arrangement and need not be discussed in detail. 

In the previously described experiments the collimator and analyser 
were both set for first order reflection. We have continued these experi- 
ments using the crystals at second order reflection and in one case (Kai) 
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we have used them at third order. The resolving power increases with the 
order of reflection. ‘his increase is due to two properties: (a) The in- 
creased angular separation for a given wave-length interval dd. Since 
my = 2d sin 6,, nddX = 2d cos 0,d0, for one crystal. For two crystals 


2ndrx = 2d cos 6,d0,. (1) 


(b) The rocking curves become narrower at higher order reflection. This 
is made evident by comparing the widths at half-maximum of Ka, curve for 
first order given in our original paper (Fig. 2), with the second order curve, 
figure 3 in this paper. The widths are 31” and 22” of arc, respectively. 
The crystals used are split calcite. The reflecting surfaces are the planes 
that were contiguous before splitting. The surfaces are carefully pre- 


e |Ag, 


FIGURE 2 





served from abrasion. Even touching the surfaces with the finger would 
probably increase the width of rocking curve. 

We have investigated the K series of molybdenum at higher orders of 
reflection. Additional spectral lines have been observed near the f line, 
and near the a; and a lines. Owing to the small energy, the y line could 
not be separated into its components, yi and 72, which should be present. 
The results obtained are shown in figures 2, 3,4 and 5. The #; line has 
an extra line on the long wave-length side which is designated 6}. Its 
angular distance is 24” of arc from (;. The corresponding wave-length 
interval dd as calculated by (1) is 0.17 X-Unit. The second order curve 
for a; line is shown in figure 3. The extra component is 12” on the long 
wave-length side. The corresponding dd is 0.085 X-Unit. The results 
for a: are given in figure 4. The curve shows two components of the 
same height but differing in width, a sharp curve and one that is broader. 
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The sharp curve we have provisionally assumed to represent the az line. 
The more diffuse we have designated a. Its greater width indicates 
that it may not be a single line but may itself be complex. It would 
probably separate into components at higher order reflection. 

It was attempted to investigate the a; line at third order reflection on 
both crystals. The curve obtained is given in figure 5. It shows the 
extra line a, at 20” of arc from ai, equivalent to d\ = 0.088 X-Unit. 
This is in agreement with 0.085 X-U obtained at second order. The third 
order results are not soreliable. The curve isnot a goodone. Only afew 
points were obtained. The energy was too small to attain much accuracy. 





ngle 20, 7 évisSion= 10 Seconds, 
FIGURE 3 


These additional lines are probably not ‘“‘fine structure” lines as the 
frequency interval dd is not constant. They are more probably “‘spark”’ 
lines arising from multiple ionization of the atom. This view is supported 
by the fact that the width of rocking curve at first order increased with the 
voltage. The curve for a, was quite narrow at a voltage of 22 kv. and 
progressively increased to about 35 kv. at which it was constant. The 
rocking curve at first order includes both lines. This increase of width 
with voltage indicates that the component a; is very weak or absent at 
low voltages but comes in strongly with increased voltage, but that above 
35 kv. the two components increase in the same ratio. This same effect 
of voltage on width of spectral line has been observed by Siegbahn and 
Larsson‘ in the case of some lines in the L, series of molybdenum. They 
attributed the change in width to the production of new components as the 
voltage increased. 
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Additional or “‘spark’’ lines have also been obtained for copper and 
nickel, using the collimator at second order and the analyser at first order 
reflection. Experiments are now in progress with both crystals at second 
order. ‘The results will be published later. 

Natural Width of Spectral Lines —The observed width of a spectral line 
will depend on two conditions: (a) the actual width (frequency deviation 
present in the radiation), and (b) width arising from all instrumental 
defects and limitations. 

The real width, for instance, might be expected to depend on the damping 
of electron oscillations due to radiation and on Doppler effect arising from 
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FIGURE 4 


temperature agitation of the molecules. ‘The Doppler effect can be shown 
to be negligibly small at the temperature of the target. If the radiating 
electron is an oscillator emitting stored energy, its amplitude of oscillation 
should progressively decrease with the time. 

The energy lost in a time dt by a charge e having acceleration a is 


2 
ee oe fora. (2) 
3c 


By means of this expression it may readily be shown that the value of the 
damping constant k defined by: 
A =A a* 
is 
202 a2 
sie 4n’e “ (3) 
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The complex wave form emitted by an electron so damped gives by 
means of the Fourier analysis a spectral line of finite width. ‘The width*’ 
of such a line at half-maximum is: 

2 
aan, 
mC 
or 
4nr e? : 
dk = — — = 0.00012 A = 0.12 X-Unit. 
3 mc? 


The width is independent of the wave-length. 





J Division = /o" 
FIGURE 5 


The experimental curves for the lines given in figures 3 and 5 have been 
resolved into the components a and aj. These components are repre- 
sented by the broken lines in the figures. The principal component (a:) 
at second order is 15” wide at half-maximum. This width expressed in 
terms of dd by equation (1) is 0.103 X-Unit. This same component is 
20” wide in the case of third order reflection. This angular width expressed 
in terms of dd is 0.088 X-Unit. On account of the difficulty of obtaining 
the third order curve these results may be considered to be in agreement. 
They indicate that the width of the components do not appreciably de- 
crease with increase of order. Except for the contributions of crystal im- 
perfections, these components would represent the natural width of the 
spectral lines. 

The two crystal methods of measuring the width of spectral lines has been 
used by Ehrenberg and Mark and Ehrenberg and Susich (1. c.). In 
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principle a rocking curve obtained with crystals arranged as in (a), figure 1, 
shows the natural width plus the effect of crystal imperfection plus the 
effect of vertical height of slit, when the crystals are placed parallel as (0), 
figure 1, the rocking curve is independent of line width and of vertical 
height of slit. The curves in this position are only affected by crystal 
imperfection. In addition the curves in both positions would have a width 
arising from the Fresnel interference bands which depend on the number of 
grating elements taking part in the reflection. 

Ehrenberg and Mark (I. c.) have corrected for the error in width of 
curve obtained at position (a) by taking a correction curve at position (b). 
They derive the following expression for this correction: 


2d 
H= Vi — Hy = 0084 (4) 


where H; is angular width of curve at half-maximum obtained at position 
(a) and H, is the width obtained at position (0). 

Their experiments were made with both crystals at first order. The 
width H, obtained was greater than is to be expected from the damping 
of an electron by its own radiation. The greater width observed by 
these experimenters may be due in part to the presence of the “spark” 
lines. They were not measuring a single emission line, but at least two 
lines near together. It is not certain in our experiments that we have 
obtained single emission lines. Higher resolving power might show still 
other components. 

The angular width of the main component of a at second order is 15” 
of arc. This is the value of Hz to be introduced into equation (4). A 
measurement was then made of H; at parallel position (6). This curve 
was so narrow that even to find it was a matter of great difficulty involving 
a search of several days. Its measured width was 3.75” of arc. The 
width H, obtained is 0.1 X-Unit for the principal component of a; meas- 
ured with both crystals at second order. At third order reflection the 
principal component a; is 20” wide (Fig. 5). The correction term H, was 
not measured. It is certainly less than 3.75” of arc. Using the value of 
H, obtained at second order the value for H, at third order is 0.088 X-Unit. 
It is difficult to state definitely that this is a real decrease with order. 
The precision of measurement at third order was much less than at second 
order. In addition the graphical representation of a curve by two com- 
ponent curves is not precise. The smaller component representing «, 
at both second and third order is narrower than the component a;. If 
the a, and a, components are each single lines they should be of the same 
width. We are not able to draw two symmetrical components of the 
same width that would sum to the observed curve. It is possible that the 
principal component is not a single line but may be itself complex. 
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These results suggest that the natural width of a spectral line may be 
less than the value to be expected from the classical theory of damping 
by radiation. 

The subject of width of spectral line is one of considerable importance. 
If the lines are really much narrower than 0.12 X-Unit the radiation can- 
not come from a damped oscillating electron. The mechanism must be 
such as to maintain a pure harmonic oscillation of constant amplitude 
until the quantum of energy is completely emitted. Such a train of waves 
would need to have a great number of elements and so have considerable 
length. An alternate hypothesis would be that a quantum is an entity 
(the word “pulse” is avoided) that may be resolved into a train of waves 
by the crystal grating. In this case the width of a spectral line would de- 
pend on the degree of perfection of the crystal. The quantum theory of 
crystal grating action advanced by Duane® might also give a narrow spec- 
tral line, whose width would be a property of the crystal grating and not of 
the radiation. 
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THE CORRESPONDENCE PRINCIPLE IN THE STATISTICAL 
INTERPRETATION OF QUANTUM MECHANICS 


By J. H. VAN VLECK 
DEPARTMENT OF Puysics, UNIVERSITY OF MINNESOTA 


Communicated January 16, 1928 


In studying the very significant statistical interpretation put on the 
quantum mechanics by the ‘‘transformation theory” of Dirac' and Jor- 
dan,” the writer at first experienced considerable difficulty in understanding 
how the quantum formulas for averages and probabilities merge into the 
analogous classical expressions in the region of large quantum numbers 
and also, of course, in the limit h = 0. In the present note we shall aim to 
trace through the asymptotic connection between the formulas of the 
two theories, which does not seem to have been quite adequately elucidated 
in existing papers. 

In the transformation theory a diagonal element of a matrix which 











~~ Uw ae Uae lhe 


> 


—_— Sw 


La ai | 


_ 








Vou. 14, 1928 PHYSICS: J. H. VAN VLECK 179 


represents a function f and whose rows and columns are indexed with re- 
spect to a set of variables a, (k = 1, ... 5), is interpreted as the average 
value of the function f when the a’s are specified, and all values of the 
variables 8, canonically conjugate to the a’s are supposed equally prob- 
able. The latter supposition is necessary if accurate values are assigned 
to the a’s; it is, in fact, a basic axiom of transformation theory that it is 
impossible to give accurate values simultaneously to both coérdinates and 
their conjugate momenta. If f(p,q) be a matrix function of the dynamical 
variables p;, .., Ds, Gi, - -» Gs, its diagonal elements in the a-scheme of in- 
dexing are given by the formula 


f(p.qaa) = Lf .. SL (a/q)f(ih® /29;9)(q/a)du ..dg, (1) 


where f(zhO /O0g; q) is the operator function obtained by replacing p, by 
the operator ihO /Og, (k = 1, ...s) in the function f(p, gq). Here (¢/a) 
is the “probability amplitude” or “‘transformation function’ associated 
with the passage from the p,q to a,8 system of variables. We use Dirac’s 
notation in the main, except that we do not designate numerical quantities 
by primes, and the reader is referred to his paper if desirous of more back- 
ground for the present article. In particular we use Dirac’s h, which is 
1/2m times the usual Planck’s constant 6.55 xX 10~°7. According to 
Pauli, Dirac and Jordan the expression 


[(q/a)|’dq..... dq, (2) 


is the probability of a given configuration in the g’s when the a’s are speci- 
fied. Dirac shows that (2) is deducible as a special case of (1) by, in par- 
ticular, taking f to be the product of certain of his 6-functions. We assume 
throughout the paper that the factors in non-commutative products are 
so ordered that the matrices representing all real variables are Hermitian. 
This permits us to use the relation (a/q) = (¢/a)*, where, as is customary in 
quantum literature, the asterisk * means the conjugate imaginary. Other- 
wise it would be necessary to replace \(q/ a)|? by (q/a)(a/q) in (2). 

Let us now suppose that the a’s and f’s are a set of variables which make 
the energy a diagonal matrix. We do this merely for concreteness, as in 
most problems the transformation of interest is one governed by the 
Hamiltonian function, and some further remarks on the general case, 
to which the proof still applies, are given at the end of the paper. Under 
the present supposition (¢/a) is identical with a Schroedinger wave func- 
tion ¥(qi, .-, Qs; @1, ..-, Gs, t) and satisfies his equation 


[H (thd /0q; q) + thd /dt}(q/a) = 0 (3) 


where H(p; q) is the Hamiltonian function. In dealing with problems 
connected with a definite stationary state it is often convenient to choose 
the a’s and f’s to be a set of action and angle variables; the arguments 
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a, entering in (¢/a) are then, except for a factor h, merely a set of quantum 
numbers. This restriction, however, is unnecessary and in many prob- 
lems, especially the aperiodic affairs involved in the collisions of electrons 
with atoms, it is impossible to use exclusively true action and angle vari- 
ables. In an isolated atom with one electron in a definite state, equation (3) 
can be regarded as determining a statistical charge density representing 
the average over all phases, and the interpretation of \(q/ a)|? as an elec- 
tron density (though not necessarily in a purely statistical sense) was 
proposed by Schroedinger and others even before the advent of trans- 
formation theory. 

Let us now seek the classical analogs of the preceding formulas. It has 
been abundantly emphasized in the literature**® that the analog of the 
wave equation (3) is the Hamilton-Jacobi equation 


HQS/0q; q) + 0S/dt = 0. (4) 
Let S(qi, ...-s; a1, .. .@s, #2) + C bea “complete integral’’ of (4) involving 
s independent arbitrary constants a, ..., a; besides the trivial additive 
constant C. Then the equations 
Pr me OS/Oqz; By ral OS/Oaz, (k — Be cory s) (5) 
define a canonical transformation from the p,q system to a set of new 
variables ai, .., @;; Bi, ...,8;. By this transformation a function f(p; q) 


of the original variables is converted into a function F(a; 8) of the new 
ones. Let us suppose that for given a’s all values of the #’s are equally 
probable so that probability is proportional to the volume in the £-space. 
Like the usual assumptions concerning “‘weight’’ in statistical mechanics, 
this is a statistical hypothesis not included in the classical analytical dy- 
namics by itself. ‘The average value of f(p; q) = F(a; 8) for given a’s 
is then 


AS ..Jf-F(a; B)dB,...dB;. (6) 


Let us change the variables of integration from the f’s to the q’s. The 
integrand then is expressed in terms of the q’s and a’s and by (5) the ex- 
pression (6) thus becomes 





AS ..SF(OS/2q; q) Ad. .dqs (7) 
where A is the functional determinant 
2 
A sii 0(A:1, ar) B;) “es 6) a (8) 
o(4, sey qs) 0q,00; 








of the transformation from the §’s to the q’s with the a’s kept fast. With 
our statistical assumption the probability that the system will be in a 


given configuration dq; ..... dq; is clearly 
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Adp, .. dB, = AAdq,. . .dq;. (9) 
The constant A is determined by the requirement that the total probability 
be unity so that 

W/A=f...S Adu. . :dq;. (10) 


For the correspondence principle to be valid, equation (1) must pass into 
(7) and (2) into (9) in the limiting case of very large quantum numbers 
(or, more generally, large values of the variables a,). ‘This is equivalent 
to letting h approach zero, as in either case the ratios h/a, vanish in the 
limit. It is well known that for small values of the h/a,, a first approxima- 
tion to the wave or transformation function (q/a) is CeS/", where C is a 
constant and S is the classical action function satisfying (4). This ap- 
proximation is, however,~not adequate to yield the correspondence prin- 
ciple, for it is easily shown that with only this approximation equations (1) 
and (2) approach expressions analogous to (7) and (9) except for the im- 
portant difference that the functional determinant A is wanting. It is, 
however, proved below that a second approximation is 


(q/a) = Ab ates/* (11) 


where the constant A has the value (10). From this it follows immediately 
that (1) and (2) do indeed merge asymptotically into (7) and (9) for it is 
readily seen (cf. Eq. (13) below) that 


fin /dq; q)( Ate S/") = Ades FOS/2q; g) + «-. 


where the dots denote terms which vanish in the limit h = 0, and where 
f(OS/0q; gq) means the function obtained by replacing the operators 
th® /Oq, by the expressions 0S /Oq;. 

The essential contribution of the present paper is the proposition that 
(q/a) when calculated to the second approximation, always contains the 
factor A? involving the functional determinant (8). This degree of 
approximation is, in fact, a very necessary one, for it is needed to get the 
terms in (¢g/a) which do not vanish in the limit h = 0. Solutions through 
the second approximation have already been given by Wentzel, Brillouin 
and Kramers for the special case of a particle vibrating in one dimension, 
and careful examination of these solutions show that they do contain a 
factor which is proportional to A} though not expressed directly in this 
form (e.g., Kramers’ factor is written y~'‘ where y = 2m(W—V)). The 
significance and proof of the universal presence of this factor do not appear 
to have previously been given. 

Before passing to the proof of (11) it is well to mention that (3) and (4) 
are the general wave and Hamilton-Jacobi equations, in which the time is 
included in the solutions rather that the perhaps commoner equations 
from which the time is eliminated by substituting the energy constant 
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W for the operator —2hd /Ot in (3) and for—OS/Otin (4). We-use the equa- 
tions inclusive of ¢ for two reasons. In the first place they are more 
general, as Dirac' shows probability amplitudes can be calculated from 
(3) even in non-conservative systems, where the energy no longer has a 
constant value W. Thus our proof includes the case that ¢ enters ex- 
plicitly in H, even though our notation does not list t among its arguments. 
When # does so enter, H ceases to be a diagonal matrix, but meaning is 
still given to the transformation defined by (3) or (4) by interpreting the 
a’s and f’s as constants of integration, especially in Dirac’s sense of 
values of variables at a specified time. In the second place by working 
with the equations inclusive of ¢, the manipulation of some of the func- 
tional determinants involved in the proof (especially near Eq. 18) is some- 
what simplified even in the conservative case, as the formulas exhibit a 
certain amount of symmetry between ¢ and the other variables. In con- 
servative systems the solutions of (3) and (4) take the form 


(q/a) — 9(q, » + +Qs;Qi, . a," S= S(n, + +9 Qs; Qi, ++, a) — Wi, (12) 


where ¢ and S do not involve ¢. In such systems we are interested in a 
definite energy, and so it is necessary to use one solution (12) rather than 
the general solution of (3) which is a linear combination of solutions each 
corresponding to a different W. (Developments in such combinations, 
however, are often useful in the non-conservative case.) With a definite 
W the distinction between (q/a) and ¢ is trivial, for then |(q/ a)|? paged 
lel? and hence it is immaterial if we replaced (¢/a) by ¢ and (a/q) by ¢* 
in (1) or (2). 

Proof of Equation (11).—The first step is to establish the following lemma: 
If f(thO /Oq; q) be any function of the operators 7hO /Oq, and variables 
ge (k = 1, .., Ss) which has Hermitian symmetry, and if S and G ~ any 
two functions of the g’s not involving the constant h, then 


(a) 00% » 2 far 


a} 

th — G 13 

+d (n2 4262) bec) 
where the neglected terms are proportional to second and higher powers of 
h, and where f, is an abbreviation for the derivative df/0(0S/dq,) of 
f(OS/dq; g) with respect to the argument 0S/0q,. 

We shall prove (13) in an inductive fashion somewhat similar to Born, 
Heisenberg and Jordan’s® way of proving their formulas for the differentia- 
tion of matrices. We shall show that if (13) holds for two functions f = 
u and f = v, it holds likewise for f = u + vandf = uv + vu. Since (13) 
obviously holds for f = q; and f = th0 /0q; this suffices to establish that 
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(13) holds for the most general function f constructed by repeated additions 
and Hermitian-ordered multiplications. For f = u + v the proof is 
trivial. To give the proof for f = uv + vu we first take f = v in (13) and 
have 


v(Ges/*) = ¢@S/** | Ge + ih>, ( 06/00 + + Gook/ae) (14) 


where we have for brevity omitted to write in the arguments of v, but use 
bold-face type to distinguish operator from algebraic functions. Next 
again apply (13), this time taking f equal to u and G equal to the entire part 
of (14) in square brackets. This gives, discarding terms in h?, 


uv(Ges/") = "| Guo + anZ( uv,0G/Oq, + ; uGOv;,/Odp 
+ 0G Pode + wsG00/2a4 + 1 0GOu/2ae) |. 


The right-hand side is not quite symmetric in u and v, but if we add to this 
the analogous expression for vu(Ge*/""), we find on collecting terms and 
noting that (wv), = u,v + wv}, the desired result 


(uv + vu) (Ge*/"") = ems 2Gw+2ih. >> | (wine /2d +5 G(w)4/Oae| \ 


Let us now, following Brillouin,‘ Wentzel* and Eckart,® seek to build 
up a solution of the wave equation (3) as a power series in h, taking (q/a) 
= @StSiht+Se+../ih We denote the first exponent by S rather than S) for 
reasons that appear later. ‘To the approximation which we desire, S, and 
higher terms may be disregarded. If we denote e~** by G, the assumed 
solution takes the form 


(q/a) = GeS/**, a (15) 


We can now substitute (15) in (3) and apply (13), taking f = H. If 
we then equate to zero the part of the resulting equation which is inde- 
pendent of h,-we see that S satisfies an equation identical with (4) and thus 
agrees with the classical action function. As a second approximation 
we equate to zero the part of the resulting equation which is proportional 
to h, and this yields a partial differential equation 


de (11.06/20 + * GoHth/2a) + 0G/dt = 0 (16) 


for determining G. Now, by definition, a complete integral S(q, a, t) of 
(4) reduces the left-hand side of (4) identically to zero and, consequently, 
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the derivatives of the left side of (4) with respect to each of the a’s must 
vanish. ‘Therefore, we have the identities 


Dp H2*S/daPdg, = —2°S/dIaot (j = 1, .., 5) (17) 


since H involves the a’s only through the arguments 0S/0q, and since 
H;, means the derivative of H with respect to dS/dq,. 

We shall first solve (16) for the special case of a conservative system with 
one degree of freedom, as here the algebra is somewhat simpler than in the 
general case. In a conservative system (g/a) involves ¢ only in the ex- 
ponential fashion (12) and we may without essential loss of generality 
suppose that in (15) the time factor is incorporated entirely in e*/"" rather 
than in G, so that 0S/0t = —W, 0G/dt = 0. This supposition means 
only that we use in our first approximation the same energy as that appro- 
priate to the final solution. Furthermore, with only one degree of freedom 
the subscripts are unnecessary and the functional determinant (8) reduces 
to the single term 0°S/0gda. Thus (17) becomes H’A = dW/da and 
substitution of this in (16) gives 


AdG/Oq — : GdA/dq = 0 


as dW /da is independent of g. This equation integrates immediately into 
G = AiA} which is just the desired result, as we later show that the 
constant of integration has the value given by (10). 

Passing now to the general case, the solution of the s simultaneous linear 
equations (17) for the H;, is 


Hi om pe 2 O(Ai, +9 B;) f , (18) 
A o(q, - +» We-1s t, Vk+1> ++» qs) 


Here we have used the definitions of the #’s and A given in (5) and (8). 
Thus the Hj are expressible as quotients of functional determinants. 
If we now change the dependent variable in (16) from G to @ by the sub- 
stitution 





G = Ato (19) 
we find that (16) reduces to 
1H}00/2q, = —20/dt (20) 
as many terms cancel in virtue of (18) and the mathematical identity’ 


a (6, ..-» B.) _ 2A 
k=1 Ogy O (1, .--,» Qe-1) b, Wk+1s - +9 Qs) ot 


for any s functions fi, ..., 8, of s + 1 variables qi, » Up #. 
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Equation (20) is clearly satisfied by taking @ equal to a constant C. 
This, however, is not the most general solution. Instead a “‘complete in- 
tegral”’ of (20) is 


6=C + YePS/Ba; (21) 


where the c; are constants, for substitution of a typical term of (21) re- 
duces (20) to an expression differing from (17) only by a constant factor. 
Now by (19) the term proportional to c; in (21) simply adds to (15) very 
approximately the change cjh0O( AteS/") / 0a; which results in (15) if 
a; is altered by a small amount thc;/C in a solution originally of the form 
(q/a) = CAteS/". Such terms can clearly be made to disappear by 
assigning proper original values to the a’s, for the effect of these terms is 
equivalent to changing slightly the constants of integration in the solution 
of (4). Thus we may always take c; = 0, provided we start with a classical 
solution having the proper values of the a’s. ‘The discussion of what values 
of the a’s should be used is beyond the scope of the present paper, as this 
problem has been considered by others. If the quantum dynamical sys- 
tem is one which has a “discrete” rather than entirely continuous matrix 
spectrum; i.e., if the classical motion is recurrent, the exponent in the 
factor e°/" will be multiple-valued, as the action S does not revert to its 
original value after a cycle. Consequently, the wave function will meet 
the necessary requirement of single-valuedness only if the a’s are given 
certain particular values or “Eigenwerte.’”’ Wentzel* and Brillouin‘ 
have shown that in multiply periodic systems in which the variables can be 
separated in (4) the constants in S should as a first approximation be so 
chosen that the Sommerfeld phase integrals taken over a cycle are integral 
multiples 1, of Planck’s constant. Kramers,* however, has shown that 
because of the singularities at the classical libration limits it is a much 
better approximation and more rigorous procedure to start with a classical 
motion in which these integrals equal m, + 4 times Planck’s constant, 
thus giving “half quanta.”’ A classical solution with half quantum num- 
bers is entirely adequate for our purpose of asymptotic comparison of the 
two theories. 

The preceding paragraph shows that we may, without essential loss of 
generality, discard all the terms except @ = C in (21) so that by (15) and 
(19) the wave function has the desired form (11), if now we denote the 
constant factor by A? rather than C. ‘To complete the proof of the corre- 
spondence principle it only remains to show that A has the value (10). 
Now, the wave function is normalized by the relation 


S°..S'\(q/a)|*dqr.. dg, = 1. (22) 


The integral in (22) is to be taken over the entire g-space, whereas the 
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classical integral (10) is to be taken only between the limits of libration 
of the classical motion, which is precisely the region in which S is real. 
Let us, however, divide the domain of integration in (22) into two parts, 
I and II, in which S is respectively real and imaginary. The integral over 
I is then identical with (10), as in I we have by (11) \(q/a)|? = AA. It 
can be shown that beyond the classical limits it is always possible to take 
the exponent S/ih as a negative real number; Kramers* shows this is true 
even though the ordinary series developments fail at the libration limits. 
With a positive exponent, of course, the integral would not converge and 
we should not have an “Eigenfunktion.” With the negative exponent, 
however, the integrand has a factor e~7!5!/" and so drops off rapidly beyond 
the classical limits. The sharpness of dropping off increases as h ap- 
proaches zero, and in the limit h = 0 the entire contribution to (22) 
comes from the region I, thus giving the desired result (10). 

In many dynamical problems the Hamiltonian function involves only 
even powers of the ~’s. An approximate solution of (3-12) more general 
than (11) is then clearly g = A}(AjeS/” + Bhe-S/") where A and 
B are constants. Equation (13) shows that then (1) goes over asymptoti- 
cally into an expression identical with (7) except that now A is replaced 
by A+B, for ‘“‘cross product” terms involving the product A2B? have a 
rapidly fluctuating factor e**°/" and so vanish to a high approximation 
when integrated over the entire g-space. It is these ‘‘cross product” 
terms which give so many problems their ‘wave nature’ in quantum 
mechanics. As h approaches zero the wave-length becomes shorter and 
shorter, so that even a small element (2) will contain so many waves that 
the fluctuating part may be omitted. It is easily seen that the normaliza- 
tion now requires that 1/(A + B) equal the integral in (10), so that the 
correspondence principle still applies. 

In equation (22) we have assumed that the a’s assume discrete values 
in the quantum theory. The extension to the case where they assume 
continuous values occasions no difficulty if one uses the Dirac 6-functions 
to specify a distribution of the a’s about some point. 

Non-Diagonal Elements of Heisenberg Matrices.—In the transformation 
theory the primary emphasis is on the diagonal elements, but it is only a 
small extension of the previous work to prove the asymptotic identity of 
the non-diagonal elements of the original Heisenberg matrices with classical 
Fourier coefficients in multiply periodic systems. We have only to take 
(a/q) and (g/a) in (1) to refer to different wave functions or stationary 
states, which we may designate by primes and double primes, and must 
further specialize the a’s and 6’s to be respectively action and angle vari- 
ables, as the Heisenberg matrices are indexed with respect to quantum 
numbers. Equations(11) and (13) show that with this modification formula 
(1) approaches asymptotically an expression identical with (7) except for 
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insertion of a factor e®”~5”/" in the integrand, for to our degree of ap- 
proximation we may take A’ = A” and hence by (10) A’ = A” if the 
ratios (a, — ay) /a, are small. Now this exponential factor is precisely 
the factor e~‘”"#* which must be inserted to give the classical formulas, 


obtained by term-by-term integration, for the Fourier coefficients of an 


expansion in the §’s. This follows inasmuch as for large quantum num- 
bers S” — S’ is approximately )\(0S/Oa,)(ag—ay%) and by (5) —, = 
dS/0a,; further a, — a, = T,h where the T, are integers since the action 
variables a, are integral (or more accurately half-integral) multiples of h. 

We must by all means mention that the asymptotic connection of the 
Heisenberg matrices with Fourier components has also been proved very 
elegantly by Eckart® with another method. He considered the particular 
case of one degree of freedom and f = q, but his method is readily gen- 
eralized. The functional determinant factor did not come to light in his 
work as his method involves only the ratios of the wave functions, making 
determination of the second approximation unnecessary. 

Extension to the Case Where H Does Not Denote the Hamiltonian Function. 
—In the previous work we have interpreted H in (3) to be the Hamiltonian 
function, but our proof of the correspondence principle is clearly appli- 
cable to the still more general type of transformation determined by (3) 
in which H is any function of the p’s and q’s and in which we wish to trans- 
form to a set of variables a,8 which make the function H (no longer 
necessarily the energy) a diagonal matrix; i.e., a function W only of the 
a’s. In the general case the variable ¢ need not have the physical signifi- 
cance of the time and can be regarded as simply a mathematical auxiliary 
useful in throwing the functional determinants into a symmetrical form. 
Such a formal auxiliary will not enter in H and so starting originally with ¢ 
as the probability amplitude we may regard ¢ as simply a parameter in- 
troduced in the exponential fashion (12). Of the transformations in which 
H does not denote the Hamiltonian function, we may note two interesting 
special cases: 

(1) Point transformation. Here Jordan® has already derived a rigorous 
solution which contains the factor A}. 

(2) Case where a, = p, (k = 1,...,5). Here H reduces to > ihd /Oqp, 
and the first approximation g = e”***"" is also a rigorous solution, which 
incidentally Jordan? takes as one of the axioms in his postulational formu- 
lation of quantum mechanics. The functional determinant now reduces 
to unity, as indeed it must since the second and higher approximations are 
unnecessary. The correspondence principle thus follows directly without 
even the second approximation, and I am indebted to Dr. J. R. Oppen- 
heimer for calling my attention to this simple result. He further remarks 
that all problems of calculating statistical averages in quantum mechanics 
can be reduced to this case (2), for by proper canonical transformations 
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any matrix f can be expressed as a function of the variables a,8 instead of 
~, q, just as in classical theory we can use (6) as well as (7). The corre- 
spondence principle then follows from the asymptotic agreement of classi- 
cal and quantum canonical transformations. It seems, nevertheless, of 
interest to have proved the correspondence principle as directly as possible 
without appeal to iterated transformations. 

1p. A. M. Dirac, Proc. Roy. Soc. London, 113A, 621 (1927). 

2 P. Jordan, Zeits. Physik, 40, 809 and 44, 1 (1927). 

3G. Wentzel, Ibid., 38, 518 (1926). 

4L,. Brillouin, J. Physique, 7, 353 (1926). 

5 C. Eckart, Proc. Nat. Acad. Sct., 12, 684 (1926). 

6 Born, Heisenberg and Jordan, Zeits. Physik, 35, 563 (1926). 

7 Cf., for instance, Muir, Theory of Determinants, vol. II, p. 230. ‘The identity is 
due originally to Jacobi, Crelle’s Journ., 27, 199 (1846), or Gesammelte Werke, iv, 317. 

8 H. A. Kramers, Zeits. Physik, 39, 828 (1926). 

® P. Jordan, Ibid., 38, 513 (1926); and 41, 797 (1927). 


EXPERIMENTS WITH MODIFIED MUCRONATE ELECTRODES 
By Cari BARus 
DEPARTMENT OF Puysics, BROWN UNIVERSITY 


Communicated January 12, 1928 


1. Correction.—In an earlier paper* I found the anode behaving in a 
way indistinguishable from the cathode. Many repetitions of the ex- 
periment since have shown that this is not the case. What probably hap- 
pened was a spontaneous change of the polarity of the electrical machine 
for which I was unprepared. Hence the cathode behavior was inad- 
vertently measured twice. The correct graphs are given in the following 
paragraphs. 

2. Apparatus.—This is essentially the same as before, consisting of the 
electrodes E E’ (about 2 cm. in diameter) of the spark gap x of a small 
electrostatic machine. The quill tube from E’ leads to the interferometer 
U-tube beyond U, for measuring the pressure of the electric wind (s, roughly 
in 10-* atm.). The electrode E is provided with a micrometer screw db 
carrying the needle , whose extrusion y beyond the electrode is thus 
measurable. P and P’ are insulated posts and c a constriction of the 
pipe a, carrying the electrode E and the nut e of the screw. A similar 
arrangement for the cathode is also provided (not shown). 

3. Moist and Dry Electrodes.—Observations made in the dark with elec- 
trodes moistened, for instance, with glycerine, recorded very marked 
differences of behavior. There is not room to describe these here further 
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than to state that the diffuse brilliant spark succession changed, in general, 
to a dull gray arc which retained, however, many of the properties of the 
sparks. ‘Thus when the needle was critically set (electric wind just about 
to change into a diffuse spark succession, y-value of the cusps in the sy 
graphs) the spark gap may subserve the purpose of an electroscope to a 
negatively charged rod, but is indifferent to a positively charged rod;** 
etc. 

4. The sy Graphs.—It was supposed, therefore, that the wind pressure 
phenomena would show an equally striking behavior; but this is not the 
case as the graphs, figures 2 to 5, indicate. 
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The electrodes were carefully overhauled and readjusted in parallel. 
figures 2 and 3 give the measurements for the anodal mucronate electrode. 
High cusps (quite as high as in the cathodal cases) are in evidence. The 
cusps for the positive electrons lie at the high extrusion value y = 0.32 
cm. (about) characterizing the anodal convection current. Figure 3 shows 
that no valid distinction can be made between wet and dry electrodes, the 
straggling displacements being due to the violent oscillations of fringe 
displacements in all cases. At the anode, therefore, convection and spark 
discharges irregularly alternate, pressures s dropping from high values 
to zero in rapid succession. Hence the restlessness of the fringes, making 
it difficult to find the true displacement, s. 

For the corresponding cathode graphs this oscillation of fringes is 
far less turbulent, even if also present. The negative electrons thus 
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issue more steadily. The curve for dry electrodes, figure 4, with its 
low and characteristic y = 0.06 cm. (about) has the usual high cusp, s 
= 400, in this respect, however, not exceeding the anode. In figure 5 
the cases of wet and dry electrodes.are contrasted. The difference is too 
small to be of any discriminating value, and wet and dry electrodes again 
behave alike. It is true that the graph for both electrodes wet departs from 
the others (cusp here at y = 0.16 cm., and low); but this is due (as I found 
by trial) to the irregularity of the liquid surface (drops forming) and not to 
non-incidental causes. 

Thus we have a similarity of behavior for anode and cathode mucronate 








pew Ween Seana eons f 








wet armed 4 cath + 


+——— ap - 
| 
aol} ay | 400 \\\_ 6. Cathode pont 7 
_f ystoem., H i 
“y ee ee 
++ sat 
4+) | 
300} |_ 300 s&s Baa 
| 
| | 
ce a ea ia ae 
a 
| | 


100 ‘00 























-- En Bs 
34 | | ben 


Oem 6 = 32 48 64 80 Oom. 
































-64- ‘80 


electrode, wet or dry, throughout, with the difference that y > 0.32 cm. 
for the anode, while y < 0.08 cm. for the cathode mucronate extrusion. 

5. Needles of Different Metal—A copper and a zinc needle were com- 
pared with the steel needle, but no difference in behavior was appreciable. 
The change from convection current to spark discharge (cusp) occurred at 
the cathode in all cases at about y = 0.06 cm., an uncertainty of set of about 
0.02 cm. (sparks striking earlier or later incidentally) being inevitable. 
The height of cusps was also about the same, and this happened here to 
reach the exceptionally high pressure values exceeding 0.04 cm. of mercury. 

6. Summary.—To get some idea of the questions here involved we 
may assume that the potential difference of the 2 cm. spark gap x is 50 kv. 
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and that the axial field is uniformly of the value 25 kv./cm.; furthermore, 
that when the needle point passes outward from the electrodes, it en- 
counters potential differences, proportional to the extrusion y. The 
surface density at the needle point and the space charges unfortunately 
cannot be given. Hence in case of the cathode point, where the critical 
set is vo = 0.06 cm., the potential difference AV = 25 X 0.06 = 1.5 kv. 
is needed to secure a steady emission of negative electrons, resulting in a 
uniform negatively ionized convection current with a wind pressure (at 
x = 2cm.), which may reach 0.4 mm. of mercury. In case of the anode, 
however, the corresponding critical extrusion is yo = 0.24 cm. and the 
potential difference needed for the steady emission of positive electrons, 
therefore AV = 25 X 0.24 = 6 kv. The maximum pressure of the posi- 
tively ionized wind is about the same as for the cathode. 

Apart from the reduction of field to be associated with the steady con- 
vection current, this point of view suggests no adequate reason for the 
very rapid decrease of wind pressure (s) from a cusp when the extrusion 
y further increases; but if we admit it tentatively, figure 6 may be used to 
record the mere important observations. Diagram 1 shows the potential 
at the electrodes (originally equal and opposite), the field and the constant 
spark distance x while the critical yo is annotated. In diagram 2 the 
positive electrode is earthed and the maximum negative potential active; 
yo has now dropped to 0.03 cm. In diagram 3, in which the cathode is 
earthed, yo has risen to 0.08 cm. Supposing the needle critically set (yo), 
the result in all cases of y decrement is an immediate change of the con- 
vection current of negative ions, with high s, into a diffuse spark discharge 
with s = 0. In conformity with the high positive potential of case 3, it 
seems reasonable to assume that positive ions are now discharged even if 
the field is not necessarily changed. In diagram 4 I have attempted to 
show the effect when 7) = 0.06 cm. of a negatively charged body near 
the spark gap superimposing a negative potential on the potentials of 
the field. ‘The result is a lower fiducial line x’ in place of x, so that the 
positive potential is again virtually increased. The negative convection 
current passes into a positive spark succession as in case No. 3. Finally 
diagram 5 suggests the corresponding rise of the fiducial line to x’, owing to 
the presence of a positively charged body near the spark gap. The effect 
of this is inappreciable as we here encounter relations similar to those of 
No. 2 with high negative potential, where the convection current strikes 
when yp = 0.03. It is noteworthy that yo = 0.08, 0.06, 0.03 cm., respec- 
tively, suffice for initiating the steady convection of negative ions, while 
the negative potential increases from zero to the largest negative value 
for the same nominal field. 


* These PROCEEDINGS, 13, 1927, pp. 503-5. 
** Science, 66, 1927, pp. 658-9. 
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THE MOBILITIES OF GASEOUS IONS IN H.S-H2 MIXTURES 
By LEONARD B. LOEB AND L. DuUSAULT 
PHYSICAL LABORATORY, UNIVERSITY OF CALIFORNIA 


Communicated December 29, 1927 


Introduction.—In recent articles one of the writers (L. B. L.) cites an 
explanation, suggested by Dr. Edward Condon,! of the observation that 
the negative ion mobility is less than the positive ion mobility in vapors 
like HCl and H,O. The latter suggests that it is due to the presence in 
these molecules of the proton near the surface of the molecule which 
causes a dipole unsymmetrically placed relative to the center of the 
molecule. On this basis H2S should show much the same behavior as 
H,O, though perhaps in a less degree, since its electronegative component 
is relatively larger. In a preliminary notice in 1926 one of the writers 
and Mr. Cravath? reported on the results of some preliminary measure- 
ments of the positive and negative mobilities in H,O and H2S. At the 
time the measurements were undertaken certain facts concerning the 
relative action of impurities on positive and negative ions were not known, 
and a lowering of the positive ion mobility relative to the negative ion 
mobility was ascribed to contact potentials. The preliminary results 
obtained in which, as present results show, the HS was not especially 
pure, were over-corrected for this effect. In order to make certain of the 
effects observed the preliminary investigation was extended with a new 
design of ionization chamber*® and under much more carefully controlled 
conditions by the present writers. It is the purpose of this paper to detail 
the results of this investigation. 

A complete description of the new ionization chamber is to be published 
elsewhere* inasmuch as the past experiences of one of the writers have 
finally led to a fairly successful form of chamber whose construction 
merits a more complete description than there is space for here. In other 
respects the methods of measurement are identical with those used before, 
even the same gauze and plate systems being used as were utilized in other 
more recent work.* 

Preparation of H,S.—The H2S was prepared as follows. A pound of 
Baker’s analyzed FeSO,.7H:O was dissolved in distilled water and had 
H2S from the generators of the Chemistry Department run into it, the 
solution being neutralized with NH,OH as the precipitation proceeded. 
In one case this H,S came from a Kipps generator with commercial FeS, 
and in a later sample it came from a commercial tank of liquid H:S which 
has been used as the new general laboratory supply of the Chemistry 
Department. This precipitate was dried on the filter pump and washed 
with distilled water. It was then placed in a 2-liter Pyrex flask fastened 
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to the apparatus. Onto this paste was dropped a solution of concentrated 
c. P. H2SO, which had been diluted with an equal volume of water. The 
generator was exhausted to the vapor pressure of water before the H2SO, 
reached it. This moist gas passed over a water-cooled reflux condenser. 
Then it went through a trap cooled to —80°C. with frozen alcohol. Next 
it passed through a tube 1 meter long, 3 cm. diameter and, previously 
exhausted, filled with CaCh, and then through another filled half with 
CaCl, and half with P,O;. After this it passed through another trap 
cooled to —80°C. and into a trap cooled in liquid air. Here it condensed 
as a snow white solid. The mercury of the manometer, however, slowly 
formed a dark deposit of HgS on the walls. When enough had been 
condensed out the generator was shut off, any excess of the gas being re- 
moved from it by a water aspirator pump, which kept the air of the room 
less polluted than might have been expected. ‘The small residue of gas in 
the trap was pumped off at the temperature of liquid air to better than an 
X-ray vacuum. It was then run into the chamber and studied, either 
after the pressure had been brought up to 760 mm. with Hp gas, or alone 
at the pressure existing. 

The Values of the Mobility —The results may be divided into two groups, 
the first being the absolute values of the mobilities and certain peculiarities 
of H,S, the other being the study of H2S-H mixtures. 

Owing to difficulty in obtaining sufficiently strong ionization a gauze of 
perforated sheet brass of large mesh has been used in the past. The size 
of the holes or meshes was such that a considerable interpenetration of 
fields occurred. In detailing the results obtained the values actually 
observed will first be given. Then the correction of the values obtained 
will be given as computed from a calibration of this apparatus with air at 
various voltages for the crossing of the ions. Of these corrected values two 
sets will be given, those on the previously accepted standard of a mobility 
of 1.8 cm./sec. per volt/cm. for negative ions in air, and the other the 
probably more correct new value of one of the writers,! to wit, 2.18 cm./ 
sec. per volt/cm. ‘The table below gives the actual results taken under 
different conditions, together with the number of measurements made. 


OBSERVED AVERAGE VALUES OF MOBILITIES IN H2S 1n Cm./SeEc. PER Voit/Cm. 


CONDITIONS UNDER NUMBER OF 


WHICH TAKEN — IONS + IONS POTENTIAL MEASUREMENTS 

Old measurements, 1926, old ion chamber 0.638 0.57 37 3 

2 fillings 
New results at 750 mm. 0.612 0.629 21 8 

6 fillings 
Low pressures from 50-260 mm. 0.610 0.589 22 9 

8 fillings 
Low pressures 23-90 mm. 0.562 0.555 33 5 


5 fillings 
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The previous measurements in 1926 were corrected for contact potentials 
supposed to be present from air control measurements and were taken 
as 0.55 for the negative ions and 0.664 for the positive ions. The correc- 
tion was not warranted as the results were due to another cause, namely, 
the presence of impurities. The values obtained are, therefore, of little im- 
portance. 

The new values at atmospheric pressure were as follows: 


— IONS + IONS 
0.588 0.613 
0.626 0.626 
0.601 0.616 
0.626 0.647 
0.623 0.688 
0.594 0.604 
0.550 0.614 
0.637 0.630 
Av. 0.612 Av. 0.629 


These reduced to the absolute scale of a mobility of 2.18 cm./sec. per 
volt/cm. for negative ions in air with the values 0.688 for the negative and 
0.708 for the positive ion. On the previously accepted scale they are 
0.572 for the negative and 0.588 for the positive ions. The low-pressure 
measurements corrected to the new scale are 0.686 and 0.700 for the 
negative ions and 0.664 and 0.692 for the positive ions. 

One observes that the positive ions have a very slightly higher value at 
the higher pressures than the negative ions, the values being on the new 
scale with all the accuracy that the method warrants 0.69 and 0.71 cm./ 
sec. per volt/cm. This difference is, we believe, real from the trend of the 
curves, the positive mobility curves universally lying above the negative 
curves, though the mobilities taken from the extrapolated intercepts in 
one or two cases indicated the reverse. This difference might be due to 
traces of the contaminating impurity HCl suspected present. This result, 
if not due to impurities, seems to support Condon’s view, but it is not at 
all decisive. The old values are to be considered as distinctly less reliable 
in view of conditions of still greater questionable purity which entered in. 

It is seen that at low pressures the values of the mobility constant 
of the negative ions reduced to the accepted standard are about constant 
and the reduction to N. T. P. follows the inverse pressure law, the values 
0.688, 0.686 and 0.700 lying within the accuracy of the measurements at 
lower pressures. For the positive ions the low pressure values 0.664 and 
0.692 appear to be somewhat less than those at 760 mm. which are 0.708. 
It appears as if the pressure law did not hold accurately, though the 
difference is near the limits of accuracy in this case. The reason for this 
is obscure and if correct is one of the first cases on record. It is possible 
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that at the lower pressures the presence of traces of impurity might affect 
the positive ions more than the negative ions. 

In the low pressure work the results of four measurements were not 
recorded for the negative ions. These low-pressure measurements were 
made with two ends in view: first to see whether in HS the electrons 
attached readily; and secondly, to see if a prediction made by A. P. 
Alexeievsky® on the basis of his ion mobility theory would be fulfilled. 
On the latter theory the van der Waal’s forces of cohesion influence the 
size of the ions, which Alexeievsky considers as larger aggregates or drop- 
lets whose mobility can be computed as for oil drops of small size. At 
low pressures, according to this theory, the size of the cluster should 
decrease and the mobility reduced to N. T. P. should increase for both ions 
some 10% for the range of pressures studied. ‘This is not the case as is 
seen above, the reverse effect possibly being observed for the positive ions. 

The one low-pressure measurement in the old series of measurement 
showed that the electrons were not free in H:S at 30 mm. pressure. The 
surprise of the writers may be imagined when with the third filling of 
H2S in the present measurements, where after a large amount had been 
collected following a preliminary fractionation, the fraction distilled into 
the chamber showed unmistakable signs of some 10% of free electrons at 
50 mm. pressure. ‘This was evidenced by the Wellisch type of curves for 
the negative ions. On the succeeding day, the H2S having been condensed 
out for the night, when the other of the writers made the measurements 
at 29 mm. pressure with the sample of H2S distilled over, the free electrons 
were observed to the extent of some 25%, the break point between the 
electronic portion of the curve and the ionic portion giving about the 
proper mobility for the negative ions. An accident then occurred and 
this gas was lost. New lots of solid H2S were generated, but gave no such 
evidence even at 10 mm. pressure. These later samples were doubtless 
not as good, as they represented the end of the charge of FeS. A new lot 
of FeS was made up, and the first sample of H2S from this failed to show 
this effect on the first filling. This might have been expected as traces 
of other gases may have been present. Subsequent fillings after removal 
of an initial fraction, however, showed the effect. At 5 mm. some 34% 
of free electrons were observed, while at 10 and 20 mm. the carriers were 
all free electrons, and at a higher frequency with 38 mm., 20% free electrons 
were found. The positive mobilities in each case were perfectly normal. 
The significance of this is that electrons attach to H2S molecules reluctantly 
to form ions. That electrons should not attach to H2S when they attach 
to H,O and HCI readily is not at first sight obvious. The fact remains that 
in pure dry H2S electrons do not as readily form ions as one might antici- 
pate, the attachment constant lying between that for air and O:. The 
impurity which affected .some of the results was possibly HCl coming from 
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the action of traces of H2SO, carried over to the CaCl, tube as a fine spray. 
As HS boils at —85°C. and HCl at —111°C. the initial fractionation, 
at a low temperature (i.e., 1 mm. vapor pressure of H:S) probably removed 
the HCl. 

Measurements in H2S-H2 Mixtures —The measurement of the mobilities 
in the H,S-H: mixtures was carried on as before for other gases,* the 
results being given in the curves of figures 1 and 2. The absolute values 
were not used, but the observed values taken at 22.5 volts for the negative 
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ions and 35 volts for the positive ions were used and values at other po- 
tentials were reduced to these by comparison with air. In all but one 
point this correction meant an increase in the values of the mobility, mak- 
ing the points fall slightly more closely to the lines representing the theo- 
retical curves for mobilities of mixtures with low dielectric constant and 
no abnormal clustering. 

The values for Hz were in all cases taken from those for a freshly cleaned 
chamber. This cleaning was accomplished by washing with concentrated 
HCl, rinsing with distilled water, then with dilute NH,OH and finally 
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with distilled water. It was found that prolonged pumping, even at 38°C., 
with the chamber at better than an X-ray vacuum after using H2S failed 
to restore the H: mobilities to their normal values for a clean chamber. 
If NH,OH was admitted and allowed to stand in the chamber for from 10- 
30 minutes, and was then pumped out, the evil effect of HS contamination 
was removed. However, the values were never as good as for a clean 
chamber, and in one case with insufficient pumping the high values of the 
positive mobilities in H, due to traces of NH; were observed (7.67 cm./sec. 
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per volt/cm.). The NH,OH presumably removed the H2S by making 
solid (NH,)2S. 

The values for the mobilities in H2S, used in computing the theoretical 
mixture curve following Blanc’s® law, which are represented as the full 
curves with no points in the figures, were 0.61 for the negative ions and 
0.63 for the positive ions. For He gas the values used were 8.36 cm./sec. 
per volt/cm. for the negative and 6.09 cm./sec. per volt/cm. for the 
positive, as an average of some nine control measurements made on He 
in a clean chamber. ‘The Hz, as before, came from a commercial tank and 
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was passed over NaOH, CaCh, two meter-long tubes of P2O;, which were 
all evacuated to X-ray vacuum before passing in the He, and then was 
passed through two traps cooled in liquid air. 

It might be asked why the free electrons reported by one of us’ in Hy 
were never found. Fortunately, the He described above was sufficiently 
impure to permit negative ions to form, and yet not too impure to 
yield good values for the negative and positive ions. To see where the 
impurity came from (one of us suspected it to be a trace of oxygen in the 
He) the Hz was passed over c. P. copper powder in a pyrex heating tube 
before entering the drying train. When the heat was on at about 400°C. 
the H, thus heated gave no trace of negative ions. All the carriers were free 
electrons. This gas could be kept two days in the ionization chamber 
and still showed no appreciable number of negative ions. To such pure 
gas in one case was added an equal quantity of unheated H». The free 
electrons were still present, but the way in which the curve rose indicated 
some attachment. This fact that in pure He electrons are permanently 
free, must cause one to regard with caution any value of the negative 
mobility in this gas as the true value.* If pure enough there are no negative 
ions. If less pure free electrons complicate the curves and give fictitious 
mobility values, and if impure one can’t be sure of the value in the pure gas. 

With the values of the mobilities Ky,5 and Ky, in the respective gases 
given, the K, curves corresponding to a mixture of c% of H:S were com- 
puted, from the law of Blanc,® 
K 100 K HSK. He 


ih (100 — c)Kus + Ky, 





where c is the concentration of H2S in per cent and Ky,s and Ky, are the 
mobilities in the respective gases. The experimentally observed points in 
the figures are indicated by circled points for negative ions and by the 
dashed curve through them, while the crosses and the dotted curve repre- 
sent the positive ions. 

It is seen that, as in HCl,’ both the negative and positive mobilities 
in Hz are lowered abnormally by H,S, the negative being lowered rela- 
tively more rapidly than the positive. This differs from the results in 
ether’ for positive ions and Cl,* for negative ions, where only one of the 
ions was abnormally lowered. In H,S, as in Cl, for negative ions the di- 
electric constant is not very high and one must look to a clustering effect 
for an explanation. It is proposed to study SO, and He mixtures next in 
order to contrast them with H2S, where the H nucleus may play a réle as 
Condon suggests. 

Summary.—Mobilities in H2S and in H:S-H2 mixtures have been meas- 
ured. The values on the new absolute scale of mobilities for this gas are 
0.69 cm./sec. per volt/cm. for the negative ions and 0.71 cm./sec. per volt/ 
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cm. for the positive ions. Results obtained at low pressures indicate that 
the inverse pressure law may possibly not hold accurately for the positive 
ions, while it appears to hold for the negative ions. ‘The small decrease 
in the mobility constant of positive ions and the constancy of this constant 
for negative ions is contrary to the expectations of the ion theory of A. P. 
Alexeievsky. In pure samples of gas, free electrons were observed in H:S 
below 50mm. This places H2S between air and O; in its power of attaching 
electrons to form ions. 

The mobilities in mixtures of H2S and He gases show that traces of H2S 
lower the mobility of both ions well below the values computed from 
Blanc’s law of mixtures. This again indicates a clustering. 

In conclusion, the authors wish to express their sincere thanks to Profs. 
A. J. Dempster, S. C. Lindand Wm. Duane for sending them used emana- 
tion tubes as a source of polonium when, by accident, their whole supply 
was lost, and to Miss L. Lane for her help in taking some of the readings. 
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